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Abstract 



In this diploma thesis an iterative scheme for the construction of operator product expansion 
(OPE) coefficients is applied to determine low order coefficients in perturbation theory for a 
specific toy model. We use the approach to quantum field theory proposed by S. Hollands 
[ ], which is centered around the OPE and a number of axioms on the corresponding OPE 
coefficients. This framework is reviewed in the first part of the thesis. 

In the second part we apply an algorithm, also proposed in [L], for the perturbative construc- 
tion of OPE coefficients to a toy model: Euclidean c^ 6 -theory in 3-dimensions. Using a recently 
found formulation in terms of vertex operators and a diagrammatic notation in terms of trees 
(see also [1] and [2]), coefficients up to second order are constructed, some general features of 
coefficients at arbitrary order are presented and an exemplary comparison to the corresponding 
customary method of computation is given. 
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Introduction 



1.1 Motivation 

Various formulations of quantum field theory (QFT) have been proposed and established in the 
last century. The most popular ones can be split into two conceptually different categories: The 
path-integral and the operator approach. 

The former uses the moments of some measure on the space of classical field configurations 
in order to construct correlation functions. As this measure is (formally) given in terms of 
the classical action, this formulation has the advantage of being closely related to classical 
field theory. In the operator approach, on the other hand, quantum fields are viewed as linear 
operators represented on some Hilbert space of states. Consequently, no corresponding classical 
theory, i.e. no Lagrangian formalism, is needed in this case. In this formalism special emphasis 
is put on the algebraic relations between the quantum fields. In fact, these relations may be 
viewed as determining the whole theory, as originally proposed by Haag and Kastler [3] in the 
framework of algebraic quantum field theory (AQFT). Algebraic approaches have also been 
useful in conformal quantum field theories (cQFT), see e.g. [ , ], and in view of the lack of a 
preferred Hilbert space representation turned out to be essential in the construction of quantum 
field theories on curved spacetimes [6, 7, 8, 9, 10]. 

In [1] a new approach to quantum field theory was proposed, where the algebraic relations 
between the fields (at short distances) are encoded in the Wilson operator product expansion 
(OPE)[ ], which is elevated to the status of a defining element of the theory instead of an 
identity derived from it (see section 1.2). Furthermore the OPE coefficients have to obey certain 
constraints, in particular a factorization relation that was observed in the construction of the 
OPE on curved spacetimes [12]. An axiomatic formulation of this framework is given in [1]. The 
key observation is that consistency conditions arising from the mentioned factorization property 
can be used, in combination with field equations, as a constructive tool. In addition, graphical 
rules for the computation of OPE coefficients within this approach have been obtained [2] . The 
resulting algorithm for the construction of the OPE is different from standard ones relying on 
divergence properties of Feynman integrals [13], but one expects the results to be equivalent (see 
section 3.6). A remarkable feature of the new approach is the fact that it is inherently finite 
(see chapter 3.2), i.e. no renormalization procedure is needed. 

This novel viewpoint has several advantageous features: 

As mentioned above, it is viable also on curved spacetimes, where it might even be necessary 
to elevate the existence of an OPE to axiomatic status [ ] . In [ I ] the framework was also gener- 
alized to gauge theories, which play a central role in the description of particle physics. Another 
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interesting feature concerns the regularity of the OPE coefficients as opposed to quantum states. 
In the case of simple examples it is easy to show that OPE coefficients may depend analytically 
on certain parameters of the theory (like e.g. the mass of a particle) where the quantum states 
show non-analytic behavior. As a result of such considerations, it was recently conjectured in 
[15] that even the perturbation series for the OPE coefficients may converge, i.e. it might be 
possible to perturbatively construct interacting quantum field theories within this approach. 

This thesis will be concerned with a low order perturbative construction of this kind for 
the case of a simple toy model theory. It thus constitutes the first specific application of the 
very young framework outlined above and gives first impressions of the calculational effort 
involved in the iterative construction of perturbation theory. The above mentioned cancellation 
of divergences and also the formation of certain patterns in the mathematical structure of the 
coefficients can be observed explicitly. This also gives insights into the expected structure of 
higher order coefficients. 

1.2 Historical background 

The singular behavior of products of quantum fields at coinciding spacetime points has been a 
major obstacle in the construction and understanding of quantum field theory since its discovery. 
Thus, the analysis of these short distance divergences was, and still is, of great interest. 

The idea of a short distance expansion for products of quantum field operators was first con- 
sidered by Wilson in 1964 when, according to himself inspired by axiomatic QFT, he translated 
some work he "had done on Feynman diagrams with some very large momenta (...) into po- 
sition space'' 1 [16]. This work, however, never got published and it took five more years until 
Wilson revisited his theory of short distance expansions adding new ideas by Kastrup and Mack 
concerning scale invariance in QFT. Ironically, although in his 1969 paper Wilson introduces 
the OPE as an alternative framework to Lagrangian models, in the following years it became an 
important tool in the understanding of these theories. 

In 1970 Zimmermann proved that an OPE holds in perturbative quantum field theory, thus 
giving its first validation also in usual Lagrangian theories [17]. He used this new tool in order to 
define normal products of interacting quantum fields as a generalization of the normal ordered 
products in the free theory. Now a sensible notion of composite fields, i.e. for example higher 
powers of fields, could be defined in terms of normal products [18]. 

In the following years the OPE was established in the most important branches of quantum 
field theory: It became a standard tool in the analysis of quantum chromo dynamics (QCD), 
played a crucial role in the development of conformal quantum field theories, has been proven 
within various axiomatic settings [19, 20] and has been shown to hold order by order in pertur- 
bation theory on curved spacetime [12]. The OPE has also been used in order to prove a curved 
spacetime version of the spin-statistics theorem and the PCT theorem [2 ] and played a crucial 
role in the formulation of an axiomatic quantum field theory on curved spacetime, where the 
OPE was elevated to a fundamental status and replaces the requirement for the existence of a 
unique Poincare invariant state [14]. This shift of emphasis onto the OPE as defining property 
of the theory is in the spirit of the new approach considered in this thesis. Here the OPE is 
no longer viewed as simply a calculational tool that has been derived from the theory, but as a 
central feature around which the theory is built. 

1.3 Organization 

This thesis is organized as follows: 

In the next chapter we introduce the new framework of quantum field theory in terms of 
consistency conditions as proposed in [1]. After a short motivation of the ideas leading to this 
approach, an axiomatic setting for quantum field theory is presented, followed by an analysis of 
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perturbation theory in this framework. Finally, a recently discovered convenient formulation of 
the theory in terms of vertex operators - the fundamental left representation - is studied. 

Chapter 3 presents the results of this thesis, namely the low order perturbative construction 
of OPE coefficients for a specific Lagrangian model theory. Our considerations naturally start at 
the non-interacting theory (i.e. zeroth perturbation order), where the model and some notation 
are introduced. We then explain a general method of perturbations via non-linear field equations, 
obtaining an iterative scheme for the construction of OPE coefficients. The application of this 
algorithm to a specific model theory gives the main results of this thesis, which are presented in 
section 3.4 and 3.5. In the end we briefly compare our framework to ordinary methods for the 
calculation of OPE coefficients in terms of an example. 

The thesis is closed by chapter 4, where our results are reviewed and interpreted. Conclusions 
as well as an outlook on possible future developments are given. 

We refer to the appendix for the introduction to the main mathematical objects appearing in 
the calculations. 




QFT in terms of consistency conditions 



In this chapter a new formulation of quantum field theory, first proposed in [1], is described. 
The central object of this framework is the OPE subject to certain constraints. 

2.1 Motivation 

The operator product expansion states that the product of two operators may be written as 

c 

in terms of local quantum fields <p c and C-number distributions C^ b . Here a, b, c label the 
composite fields of the underlying theory , ( • ) w is the expectation value in the state lo and 
means that this identity holds as an asymptotic relation in the limit x\,x 2 — > y in a suitably 
strong sense 1 . In the following we will shorten the notation by formally rewriting equation 2.1.1 
as 

(/>a(xi)<f>b(x2) = ^2 C ab(. x l> x 2)4>c( x 2) , [ 2.1.2) 

c 

where we have implicitly made the choice y = x 2 . We furthermore assume the fields to live on a 
real Euclidean spacetime, which can always be achieved by analytic continuation provided the 
spectrum condition holds in the quantum field theory. In order to motivate the condition that 
lies at the heart of the new framework we should study the OPE of a product of three operators. 

4>a{xi)(/) b (x 2 )(j) c (x 3 ) = ^2 Cabc( x li x 2, ^3)^(^3) ( 2.1.3) 

d 

Now consider a situation as depicted in figure 2.1. Defining the Euclidean distance between 
two points Xi and Xj as 




figure 2.1 tells us that r 23 < r\%. In this case we expect it to be possible to perform the 
OPE successively, i.e. we first expand the product of 4>b(x 2 )(j) c (x3) in equation 2.1.3 around X3 , 



1 See the discussion below equation 2.2.30 for more detail 
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Figure 2.1: A configuration of the spacetime points xi,X2,x 3 E M. d 

multiply the result by (f> a (xi) and perform yet another OPE around x 3 . Writing this idea as an 
equation, we obtain 

C* bc (x 1 ,x 2 ,x 3 ) = ^CZ c (x2,x 3 )Ci(x 1 ,x 3 ) . { 2.1.5) 

e 

Similarly, as figure 2.1 also implies ryi < ^23 , we expect that we can start by expanding the 
product (j)a(xi)4>b(x2) around X2, multiply the result by 4> c (x 3 ) and finally expand around x 3 
again. In other words: 

C* bc (xi,X2,x 3 ) = ^C e ah (x 1 ,x 2 )Cj c (x2,x 3 ) { 2.1.6) 

e 

So for constellations as in figure 2.1, i.e. on the open domain ryi < r 23 < r i3, we obtain 
the consistency relation that both expansion 2.1.5 and 2.1.6 must be valid and should coincide. 
Thus we require 

Y,C e bc (x2,x 3 )C d ae ( Xl ,x 3 ) = Y,C e ab (x 1 ,x 2 )Ci(x2,x 3 ) fzij) 

e e 

when ryi < r 23 < r i3- We will adopt the labeling of this constraint as "consistency-" or 
"associativity" condition from [ ]. The basic idea of the new framework presented in this chapter 
is that these conditions on the 2-point OPE coefficients are stringent enough to incorporate the 
full information about the structure of the quantum field theory or, stated conversely, that 
finding a solution to these conditions effectively means that one has constructed a quantum field 
theory. 

But if the full information on the quantum field theory is to be encoded in the constraints 
on the 2-point OPE coefficients, then no further constraints should appear from higher order 
associativity conditions, i.e. from conditions on products of more than three fields. If, for 
example, we consider the OPE of four fields 4> a (xi)4>b(x2)4>c(x 3 )4>d(x4 : ) and successively expand 
this product in a similar manner as above, we will obtain new relations for the 2-point OPE 
coefficients similar to eq. 2.1.7. The question is now whether these constraints are genuinely 
new or can be deduced from eq. 2.1.7. As it turns out, this problem is analogous to the analysis 
of the associativity condition in ordinary algebra and as in this case we will show that no further 
conditions arise (see chapter 2.3). These considerations will also yield a unique expression of the 
higher order coefficients such as C^ bcd (xi, X2, x 3 , X4) in terms of the 2-point OPE coefficients. 
This result is called the coherence theorem, because it states that the entire set of consistency 
conditions is coherently encoded in the associativity condition 2.1.7. 

Now that we have identified the 2-point OPE coefficients as fundamental entities of our ap- 
proach, it would be of interest to formulate perturbation theory in terms of these coefficients. 
With this aim in mind, let us assume the following setting: We are given a 1-parameter family of 
2-point coefficients with parameter A. These coefficients shall satisfy the associativity condition 
2.1.7 and we want to perturb around the quantum field theory described by the coefficients with 
A = 0. In order to avoid messy equations we introduce an index free notation getting rid of 
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the indices a,b,c. . . above. We view the 2-point OPE coefficients collectively as a linear map 
C(x\,X2) '■ V (g) V — > V, where V is the space of fields, whose basis components are given by 
C^u {xi, X2). Then the Taylor expansion in the parameter A around A = is 



If we expand the associativity condition, eq. 2.1.7, in this way and assume that the condition 
holds at zeroth order, then we obtain the following constraint on the first order perturbation of 
the 2-point OPE coefficients 



which is linear in the first order coefficients and holds on the domain ryi < ^23 < 7*13. It was 
shown in [I] that this condition is of a cohomological nature and that one can identify the set of 
all possible first order perturbations satisfying this condition (modulo trivial field redefinitions) 
with the elements of a certain cohomology ring, which bears close resemblance to Hochschild 
cohomology [22, 23]. This notion can be generalized to higher order perturbations, i.e. at each 
order the associativity condition is a potential obstacle for the continuation of the perturbation 
series. This obstruction is then again an element of our cohomology ring. 

The above definition of perturbation theory is very general in the sense that the physical 
meaning of the parameter A is completely open. A might for instance measure the strength of 
some coupling in a Lagrangian theory, like e.g. the self interaction in the theory described by 
the classical Lagrangian L = (deft) 2 + A(/> 4 . The perturbation would in this case be around the 
free theory where the OPE coefficients are known. It is also possible to perturb more general, 
not necessarily Lagrangian, theories, e.g. more general conformal field theories. One could also 
take SU(N) Yang-Mills theory as yet another example. Here one could chose A = 1/N, where 
N is the number of colors of the theory, and perturb around the large- TV-limit of the theory. 
This general theory of perturbations is described in more detail in chapter 2.4. 

2.2 Axiomatic framework 



The aim of the present section is to give a precise formulation of the ideas informally presented 
above. In this approach quantum field theory is defined by an axiomatic setup that was first 
proposed in [1] (in [14] a basically similar framework was introduced for quantum field theory 
on curved spacetime). 

First we define the playground of our quantum field theory to be an infinite dimensional vector 
space V, whose elements can be thought of as the components of the various composite scalar, 
spinor and tensor fields. For example, in a theory containing only one scalar field (p, the elements 
of V would be in one-to-one correspondence with the monomials in and its derivatives. One 
would naturally assume V to be graded in various ways, as it should be possible to classify 
the different quantum fields in the theory by characteristic properties, such as spin, dimension, 
Bose/Fermi character, etc. As we are considering Euclidean quantum field theories, we expect 
V to carry a representation of the Z)-dimensional rotation group SO(D), or of its covering 
group Spin(D) respectively if spinor fields are present. This representation can be decomposed 
into unitary, finite-dimensional irreducible representations Vg characterized by the eigenvalues 
S = (Ai,...,A r ) of the r Casimir operators associated with SO(D). Thus, we introduce a 
grading by these irreducible representations (irrep's): 



00 
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v= c N ^0V s CjjT ) 

AeM + Seirrep 

An additional grading, which will later be related to the dimension of the quantum fields, 
is provided by the numbers A G M+. The numbers N(A,S) € N, here supposed to be finite, 
express the multiplicity of the fields with a given dimension A and spin S. Here we should 
remark that the infinite sums in this decomposition are understood without any closure taken, 
meaning that the elements of V are in one-to-one correspondence with sequences of the form 
(\ v i)i \ v 2), ■ ■ ■ , \v n ), 0, 0, . . .), where only finitely many zeros appear and \vi) is a vector in the 
z-th summand of the decomposition. As further structure on V we demand the existence of an 
anti-linear, involutive operation * : V — > V which should be thought of as hermitian conjugation 
of the quantum fields. Additionally we would like to have a linear grading map 7 : V — > V 
satisfying 7 2 = id which is to be thought of as a grading with respect to bosonic (eigenvalue +1) 
and fermionic (eigenvalue —1) vectors. Finally, we demand the existence of D derivations on V, 
i.e. linear maps : V — > V with fi G {1, . . . , D} satisfying the Leibnitz rule and ^07 = 70^. 
These derivations increase the dimension A of the vectors in V by 1 . 

The linear space defined in this way is nothing more than a list of objects that we think of 
as labeling the composite fields of the theory, but so far the dynamics and the quantum nature 
of the theory, i.e. the information that is of most interest, have not been addressed. This 
information is now encoded in the OPE coefficients associated with the quantum fields. This is 
a hierarchy 

C = (C(X1,X2),C(X1,X2,X3),C(X1,X2,X3,X4),...^ , ( 2.2.2) 

where the C(x\, . . . ,x n ) are analytic functions on the configuration space 

M n := {(xi, . . . , x n ) G {R D ) n | Xi + Xj , V 1 < i < j < n} { 2.2.3 J 

taking values in the linear maps 

C( Xl ,...,x n ) :V®---®V . [ 2.2.4) 

n— factors 

For the one-point coefficient we set C(x±) = id : V — > V. By taking the components of these 
maps in a basis of V the OPE coefficients from the previous section can be retrieved. So, if 
{|f a )} denotes a basis of V in adapted to the grading with the corresponding basis {(^ a |} of the 
dual space 

V *= C N(A,S) y_^ [T2^ J 
AeM+ Seirrep 

with V^r denoting the conjugate representation, (v b \v a ) = 5^, then we have 

C a 1 ...a n ( x l>---, x n) = {v b \C(xi , . . . , X n ) \v ai (8) ■ ■ ■ <g> V an ) , ( 2.2.6 J 

using the customary bra-ket notation \v ai ® • • • ® v an ) := \v ai ) (8> ■ ■ ■ <8> \v an )- In the following 
we express the basic properties of quantum field theory as axioms on the structure of the OPE 
coefficients: 

Axiom 1 (Hermitian conjugation) 

Denoting by i : V — ► V the anti-linear map given by the star operation *, we have 

C(xi, . . . ,x n ) = lC(xi, . . . ,x n )i n , ( 2.2.7 ) 

where t n := t ® • • ■ ® t denotes the n-fold tensor product of the map 1. 
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Axiom 2 (Euclidean invariance) 

Let R be the representation of Spin(D) on V, let a £ M. D and g ^Spin(D). Then the equation 

C{g Xl + a, . . . , gx n + a) = R*(g)C(x x , . . . , x n )R(g) n { 2.2.8) 

holds, where R(g) n := -R(<?) ® • • • <8> again is the n-fold tensor product of R(g). 

Axiom 3 (Bosonic nature) 

The OPE coefficients themselves should he "bosonic" in the sense that 

C(x 1 ,...,x n ) =jC(xi,...,x n )j n , { 2.2.9 ) 

where the shorthand notation for the n-fold tensor product was used again. 

Axiom 4 (Identity element) 

There exists a unique element 1 € V of dimension A = satisfying the properties 1* = 1, 
7(1) = 1 and 

C(xi, . . .,x n )\vi ® •••1 ® ■ • -Vn-i) = C(x 1 , ..., Xi ,... ,x n )\vi (8) • • • (g> u n _i) ( 2.2.10 ) 
where 1 is in the i-th tensor position, with i < n. If 1 is in the n-th position, the relation 



C(xi, . . . ,x n )\vi (g> • • <S> 1) = t(x n -x,x n )C(xx, . . . ,x n -\)\vi ®---® v n -i) { 2.2.11 ) 
has to hold, where t is a "Taylor expansion map" characterized below. 

The reason for the slightly more complicated form of eq. 2.2.11 is that x n is the point we 
expand around and thus the corresponding n-th tensor entry stands on a different footing than 
the other entries. In order to heuristically motivate the form of equation 2.2.11 and to specify 
the map t more precisely, we consider the following situation: 

Let 4> a be a quantum (or classical) field. Then we can formally perform a Taylor expansion 

4>a{xi) = j^ 1 ■ ■ ■ V^d^ ■ ■ ■ dMx*) { 2.2.12) 

i=0 

with y = x\ —X2- As each field ■ ■ ■ d^cfta is just another composite field of the theory denoted 
for example by we might rewrite equation 2.2.12 in the form <p a (xi) = Yl ^a( x i) x 2)4 > b(%2)- 
The t b a are defined using the above Taylor expansion, at least up to potential trivial changes 
which take into account the fact that a derivative of the field <p a might correspond to a linear 
combination of other fields in the particular labeling we have chosen for the fields. Application 
of these ideas formally yields 

CSi...an_ilOci> ■ ■ • , X n )(j) b {x n ) = aj (x X ) • • • ^-jC^n-l) 1 

= 53 C 2 1 ...o n _i( Jc l>---> a: n-l)06( fl; n-l) [ 2.2.13) 

= ^oi— On-iC 35 !) • • • ' x "-l) ^c( x n-l) x n)0b( a; n) > 
6,c 



which suggests that 
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C b a 1 .„ Chl _ 1 t{xi,...,x n ) =^t b c (x n -i,x n )C° 1 .__ an l (x 1 ,...,x n -i) . { 2.2.14) 

c 

We now argue that this sum if finite, so one does not have to bother with convergence issues. 
Note that in eq. 2.2.12 the dimension of the operators on the right hand side should not be 
smaller than that of the operator on the left hand side, because the former contain additional 
derivatives. We thus conclude that i^ a {x\,x 2 ) is only nonzero as long as the dimension of the 
operator cf) a is greater or equal to the dimension of Since there are only finitely many 
operators up to a given dimension, our proposition is confirmed. 

Abstracting the features derived from these heuristic considerations, we are now ready to give 
a definition of the map t appearing in eq. 2.2.11. We postulate the existence of a linear map 
t(xi,X2) '■ V — > V for all x\,x 2 G M D satisfying the following conditions. First, the map should 
have the same transformation properties as the OPE with respect to rotations (see axiom 2). 
Defining V A as the subspace of V in the decomposition 2.2.1 spanned by vectors of dimension 
A, we furthermore require 

t(x u x 2 )V A C 0^ A - 
A>A 

Next, we have the cocycle relation 



t(x 1 ,x 2 )t(x 2 , x 3 ) = t(xi,x 3 ) . [ 2.2.16] 

Finally, the restriction of any vector of t(x%, x 2 )V A to any subspace of V A is supposed to depend 
polynomially on x% — x 2 . This finishes the characterization of the "Taylor expansion map" t 
and thus completes the formulation of axiom 4. Note that this axiom implies in particular the 
relation 

t(x 1 ,x 2 )\v) = C|«®1) , ( 2.2.17) 

i.e. t(x\,x 2 ) uniquely determines the 2-point OPE coefficients with an identity operator and 
vice versa. As a special case, we have t(x\,x 2 )l = 1 using eq. 2.2.10 and C(x\) = id, which 
implies that the identity operator does not depend on a reference point. 

Before we come to the next axiom, some notation is introduced. Let Ii,...,I r denote a 
partition of the set {1, . . . , n} into disjoint ordered subsets, where all elements in Ij are greater 
than all elements in Jj_i for all i. An example for such a partition in the case n = 5 would 
be /i{l}, /2{2,3,4}, ^3 = {5,6}. For each ordered subset I C {l,...,n} we define Xj to be 
the ordered tuple (xj)j 6 / G and we set m/% := max(4) and C{Xj) := id if / consists of 

only one element. Furthermore, let d{Xj) be the set of relative Euclidean distances between the 
points in a collection Xi = (xj)j e /, defined as the set of positive real numbers 



d{X[) := { nj | i.j el,* / j} { 2.2.18) 



We are now ready for the 
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Axiom 5 (Factorization) 

The identity 

C(X {1 _ n} ) = C(X {mi _ mr} )(c(X h ) <g> • • • <g> C(X Ir )) { 2.2.19) 

holds on the open domain 

V[{h, . . . ,I r }\ := Ux x ,...,x n ) G M n \mmd(X {mu .^ mr} ) > max(d(X h ), . . . , d(X Ir ))\ 

{ 2.2.20) 

At this point some remarks are in order. First one should note that the factorization identity 
2.2.19 expressed in a basis of V (g) • • • (g> V involves an r-fold infinite sum on the right side of 
the equation. In fact, it is the statement of the factorization property that these infinite sums 
converge on the indicated domain. Outside the domain the sums are not restricted at all and one 
would expect them to diverge. The axiom can be generalized to arbitrary partitions of {1, . . . , n} 
making use of the (anti-) symmetry axiom 7 below. If fermionic fields are included, then ± signs 
will appear. It is also important to remark that the factorization relation can be iterated on 
suitable domains, i.e. if for example the subset Ij is itself partitioned into subsets, then the 
coefficient C(Xj j ) will itself factorize on a suitable subdomain. Such subsequent partitions may 
naturally be identified with trees. A version of the factorization property in terms of trees was 
given in [12] and will also be given below 2.3.11. 

Axiom 6 (Scaling) 

Let v ai , . . . , Va n £ V be vectors with dimension Ai, . . . , A„ (remember the decomposition ofV 
in eq. 2.2.1) respectively and let v b G V* be an element in the dual space ofV with dimension 
A n+ i. Then the scaling degree of the C-valued distribution 2.2.6 should be estimated by 

sdC b ai ^ an < Ai + . . . + A n - A n+1 . ( 2.2.21) 



By scaling degree we mean 

sdC b ai an = inf ( lira <?C\ an (ex x , ex n ) = for all (x u . . . , x n ) G M n ) . { 2.2.22) 

Further, if v b is an element of the one-dimensional subspace of dimension-0 fields spanned by 
the identity operator 1 G V, and if n = 2 and v ai = v* 2 ^ 0, then the inequality in the eq. 
2.2.21 is required to hold. 
Axiom 7 ((Anti-) symmetry) 

Let Ti-\ t i be the permutation exchanging the (i — l)-th and the i-th tensor factor in an element 
of V ® • • • (8) V. Then we have (for 1 < i < n) 

C(x\, . . . , Xi—\ , Xj, . . . , x n )Tj_x j — C(xi, . . . , x%, Xi—i , . . . , x n ) ( 1) 1 1 ! [ 2. 2. 23 J 

with 

Fi := - id 1 ' 1 ® (id - 7) ® id 71 ' 1 . { 2.2. 24J 

In the case i = n we require 

C(x\ , • • • , x n — i, x n )T n —i^ n — t(x n —\ , x n )C(x \ , • . . , x n , x n —i) ( 1) 11 1 n ( 2.2. 2 5 J 
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The last factor in eqs. 2.2.23 and 2.2.25 makes the OPE coefficients of bosonic fields symmetric 
and the OPE coefficients of fermionic fields anti-symmetric. Also notice that again we had to 
treat the case involving the n-th point and the n-th tensor factor separately. The reasons for 
this are obviously similar to those leading to eq. 2.2.11. 

Axiom 8 (Derivations) 

The derivations on V are compatible with partial derivatives of the OPE coefficients with 
respect to the spacetime arguments X{ € M D in the sense that 

C(xi, . . . ,x n ) \vi <g> • --d^Vi <S)---v n ) = d^.^C(x 1 , . . . , x n ) \vi <8> • • • v% ® • • ■ v n ) [ 2.2.26 ) 
for i < n. If there is a derivative in the last tensor position, then the identity 

C(x 1 , ...,x n )\vi®---<8> d^v n ) = [d( Xn ^C(xi, . . . , x n ) + oC(x 1 , . . .,x n )] |vi <g> • •• <8> v n ) 
holds. 

This axiom, which has not been required in [ ], will later allow us to transform field equations, 
i.e. partial differential equations on V, into similar relations involving the OPE coefficients (see 
section 3.2). 

This finishes our presentation of the axioms for the new framework. As already mentioned in 
section 2.1, the factorization property, axiom 5, lies at the heart of the theory. The stringent 
constraints it imposes on the possible consistent hierarchies (C(x\, X2), C(x\, 22, £3), • • •) carry 
the main information in the approach. The Euclidean invariance condition, axiom 2, implies 
translation invariance of the OPE coefficients and links the decomposition 2.2.1 of the field space 
V into sectors of different spin to the transformation properties of the OPE coefficients under 
rotations. Likewise, the scaling property links the grading of V with respect to the dimension to 
the scaling properties of the OPE coefficients. Furthermore, the (anti-) symmetry requirement, 
axiom 7, is a replacement for local (anti-)commutativity (Einstein causality) in the Euclidean 
setting. Note also that we have not required a spin-statistics or PCT-theorem to hold, as these 
can in fact be derived from the axiomatic framework just introduced (see [21]). 

So in summary, a quantum field theory is defined as a pair (V,C) consisting of a vector space V 
with the above properties and a hierarchy of OPE coefficients C := (C(xi,X2),C(xi,X2,xs), . . .) 
satisfying axioms 1 to 8. Now the issue of equivalence of different theories of this kind arises. 
One would naturally identify quantum field theories that only differ by a redefinition of their 
fields, where, informally, a field redefinition means that the definition of the quantum fields of 
the theory is changed by a transformation of the form 4> a {x) to <f> a ( x ) = z a4>b(%), where z h a is 
some matrix on field space. The following definition carries over these ideas to our framework. 

Definition 2.1 (Equivalence) 

Let (V, C) and (V, C) be two quantum field theories. If there exists an invertible map z : V — > V 
satisfying 

zR(g) = R(g)z, z-y = jz , z* = *z { 2.2.28) 

as well as 

C( Xl ,...,x n ) = z- 1 C(x 1 ,...,x n )z n { 2.2.29J 

for all n, where z n = z<S>- ■ ■ ® z, then the two quantum field theories are said to be equivalent 
and z is called a field redefinition. 
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Before concluding this chapter one further condition is imposed, namely that the quantum field 
theory (V, C) exhibits a vacuum state. The appropriate notion of quantum state in our Euclidean 
setting is a collection of correlation functions, which we will write as (4> ai (xi) • • • 4>a n (x n ))a 
with arbitrary n and ai,...,a n . These functions should be analytic on M n and satisfy the 
Osterwalder-Schrader (OS) axioms for the vacuum state Q (see [24, 25]) and also the OPE in 
the sense that 

(4> ai (xi) ■ ■■4>a n (x n ))n ~ ^^. ^(ii, . . . ,x n )((j) b (x n )}n ■ { 2.2.30) 

b 

The symbol " ~ " here indicates that the difference between the left and right side of this 
expression is a distribution on M n with smaller scaling degree than any given number 5 provided 
the above sum goes over all of the finitely many fields (pb whose dimension is smaller than some 
number A = A(<5). Then by the OS-reconstruction theorem the theory can be continued back to 
Minkowski spacetime and the fields can be represented as linear operators on a Hilbert space 7i 
of states. It may also be of interest in some settings (e.g. theories with unbounded potentials) to 
drop the notion of unique vacuum state by leaving out those OS-axioms which involve statements 
about invariance under Euclidean transformations. 

Obviously, if we require a quantum state to satisfy the OS-axioms, new constraints on the 
OPE coefficients are expected to appear. These constraints will not be discussed here, as our 
focus is on the algebraic conditions satisfied by the OPE coefficients. The additional restrictions 
imposed by the OS-axioms are genuinely new, so in some contexts one might even want to drop 
them (e.g. the condition of OS-positivity does not hold in some systems in statistical mechanics 
and in gauge theories before taking the quotient by the BRST-differential) . 

2.3 The coherence theorem 



It has already been mentioned a few times that we think of the factorization property, axiom 
5, as the key condition on the OPE coefficients. These restrictions on the OPE coefficients 
C(x±, . . . , x n ) (with n > 2) are expected to be very stringent and encode most of the non-trivial 
information of the theory. It is the purpose of this section to analyze the interdependence of these 
conditions for different n, i.e. for OPE coefficients coming from the expansion of a product of n 
fields. The result will be that all the higher constraints (i.e. larger n) are already encoded in the 
first non-trivial constraint arising for n = 3. As this implies that all the factorization constraints 
can be coherently described by a single condition, this result was named the coherence theorem 

Ml]; 

It is instructive to consider an analog from ordinary algebra before treating our case in more 
detail. Let us consider a finite dimensional associative algebra A. Thus 

(AB)C = A(BC) Vi,B,CeA ( 2.3.1) 

holds, or rewritten in terms of the linear product map m : A ® A — » A with m(A, B) = AB: 

m(id (g> m) = m(m (g> id) { 2.3.2) 

Both sides of this equation are maps A <S> A ® A — ► A. By successively applying eq. 2.3.1 it is 
easy to prove that also 

(AB)(CD) = {A{BC))D V A, B, C, D e A ( 2.3.3) 

holds without further restrictions on the map m. In fact, it is an elementary result in algebra 
that no such higher associativity conditions arise. It is not difficult to see that this result is 
analogous to our coherence theorem, where eq. 2.3.1 plays the role of the three point factorization 
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constraint and eq. 2.3.3 together with similar higher order conditions is identified with the n > 3 
factorization conditions. 

Now let us come back to our original setting and consider axiom 5 for n = 3. We encounter 
three different partitions of the set {1,2, 3} corresponding to non-trivial factorization conditions 

2.2.19, namely T 3 := {{1,2}{3}}, T 2 := {{1,3}{2}} and Ti := {{2,3}{1}}. The respective 
domains on which the factorization identities are supposed to be valid are, according to eq. 

2.2.20, given by 



D[Ti] = {(xi,x 2 ,x 3 )|r 23 <r 13 }, ( 2.3.4) 

V[T 2 ] = {(xi,x 2 ,x 3 )|r 13 <r 23 }, ( 2.3.5) 

X>[T 3 ] = {(xi,x 2 ,x 3 ) | Ha < r 23 } • ( 2.3.6) 

The first two domains in the above equations are clearly disjoint, but both have a non-empty 
intersection with the third domain. Thus, according to axiom 5, on these intersections both 
factorizations should give C(xi,x 2 ,x 3 ) and hence should also be equal to each other. We can 
write this as 

C(x 2 , x 3 ) (c(xi,x 2 ) (8> id) = C(xi, x 3 ) (id <g> C(x 2 , x 3 )^ ( 2.3.7) 

where the spacetime arguments lie in the intersection Z>[Ti] H X?[T 3 ], i.e. r\2 < r 23 < r i3- A 
similar relation holds on the domain 2?[T2] H D[T 3 ], but it turns out that this relation can be 
derived from 2.3.7 with the help of the symmetry condition, axiom 7, 

C(xi, x 2 ) = i(xi, x 2 )C(x 2 , x 1 )n )2 ( 2.3.8 ) 

and the relation 

C(xi,x 3 ) = C(x2,X3)(t(xi,X2) ®id?j I 2.3.9 J 

for 7*12 < T23- So in the case n = 3 (i.e. three spacetime points) there exists only one independent 
consistency condition, eq. 2.3.7, which has already been given in component form in 2.1.7. 

Remember, the aim of this chapter is to analyze higher factorization conditions, i.e. axiom 5 
for n > 3. We have seen in the analogous problem in ordinary algebra that all higher associativity 
conditions can be derived from eq. 2.3.2, which is the analogue to our eq. 2.3.7. In the following 
it will be shown that, as in the example of associative algebra, we will not encounter any higher 
factorization conditions and that the coefficients C(xi, . . . ,x n ), the analogue of a product of n 
elements of our algebra A, are completely determined by the coefficients C{x\,X2), which can 
be identified with a product of two elements of A. 

Thus, our first task is to write all the factorization equations only in terms of the C(xi,X2). 
In this context the language of rooted trees is natural and useful (see also [12]). By a rooted 
tree on n elements {1, . . . , n} we will mean a set {Si, . . . , Sk} of nested subsets Si C {1, . . . , n}, 
such that each Si is either contained in another set of the family of subsets, or disjoint from 
it. The set {1, . . . , n}, called the root, is by definition not in the tree. One can then visually 
think of the sets Si as the nodes of the tree, which are connected by branches to all those nodes 
that are subsets of Si, but not proper subsets of any element of the tree other than Si. The 
leaves of the tree are the nodes that do not contain any other sets of the tree as subsets, so 
they are of the form Si = {i}. Let us introduce some further notation: If T is a tree on n 
elements of a set, then we denote by |T| the elements of this set. Furthermore, let T be of the 
form T = {Ti,...,T r }, where each Tj is itself a tree on a proper subset of {1, . . . , n}, so that 
|Ti| U • • • U |T r | = {1, ... ,n} is a partition into disjoint subsets. For such trees we recursively 
define an open, non-empty domain of M n , by 
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V[T] =\( Xl ,...,x n )eM n \X ]Tll eV[T 1 },...,X lTrl eV[T r }; 

L ( 2.3.10) 

mmd(X {mu ^ mr} ) > max(d(X| Tl |), . . . ,d(X| Tf ,|))| . 

Here mj is the maximum element element upon which the tree Tj is built. Otherwise the 
notation is as introduced above axiom 5. The domain presented in eq. 2.2.20 is recovered from 
this definition, if the Tj are the trees with only a single node apart from the leaves. Then 
the Jj of eq. 2.2.20 is given by the elements of the i-th subtree Tj. Thus, in this case, the 
factorization property 2.2.19 holds on the given domain. But if we consider more complex trees, 
the corresponding domains according to eq. 2.3.10 will just be proper open subsets of the domain 
we just considered, so the factorization condition is still satisfied on these domains. Hence, the 
factorization identity, eq, 2.2.19 holds on P[T] in any case. In addition, we may now iterate 
this factorization, as the factors C(X\t>.\) themselves factorize on P[T], because that domain 
is defined in such a way that X\f.\ £ Z>[Tj]. So, successively making use of such factorization 
identities, we obtain a nested factorization property on each of the domains D[T]. 

In order to explicitly write down these identities, some further notation is useful. Let S £ T. 
Then we write 1(1), ■ ■ ■ , l(j) Ct S, if 1(1), ■ ■ ■ , l(j) are the branches descending from S. By 
m% we denote the largest element in l(i) and assume an ordering of the branches, such that 
m± < . . . < rrij. Also, as above in eq. 2.2.6, we will work in a basis of the linear maps 
C(x\, . . . , x n ) : V® n — > V with components an (x±, . . . , x n ). Then for each tree T an iteration 
of axiom 5 as described above will lead to the following factorization identity on the domain 
V[T}: 

Cai...a n ( x l) • • • ) X n) = ^2 I Y\ Ctf m ...a l(j) ( x m 1 , ■ ■ ■ , X mj ) J , ( 2.3. ll ) 

a s :SeT \S:l{l),...,l(j)CrS J 

where the sums are over all 05 with S a subset in the tree excluding the root { 1, . . . , n} and 
the leaves 1, . . . , {n}. For the latter we set := 01, ... , &{ n y = (i n and a{i,...,n} := b. The 
hierarchical order by which the nested infinite sums are carried out is determined by the tree, 
with the sums corresponding to the nodes closest to the leaves coming first. Now, if we assume 
T to be a binary tree, i.e. one with exactly two branches descending from every node, then 
by the above formula we have expressed the n-point OPE coefficient C(x\, . . . ,x n ) in terms of 
products of 2-point coefficients on the open domain D[T] C M n . Remembering that by definition 
C(x%, . . . , x n ) is an analytic function on the open, connected domain M n and using the fact that 
an analytic function on a connected domain is uniquely determined by its restriction to an open 
set, we propose: 

Proposition 1 

The n-point OPE coefficients C(x%, . . . , x n ) are uniquely determined by the 2-point coefficients 
C(x\,X2)- In particular, if two quantum held theories have equivalent 2-point OPE coefficients 
(see dehnition 2.1), then they are equivalent. 

Thus, our first task is achieved. However, the question of higher factorization conditions is 
still not solved. It remains to show that the factorization condition 2.3.11 for binary trees does 
not impose any further restrictions on C(x\,X2) apart from eq. 2.3.7. Therefore, let us study 
the following expression 

(/ T )L.a>i, •••,<>:= E ( II Ctf {i)ai{2) (x mi ,x m2 )\ , { 2.3.12) 

a s :S£T \S:l(l),l(2)C T S J 
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on the domain D[T] for any binary tree T. In other words, /tC^Ij • • • > x n) is just the expression 
for C(x\, . . . ,x n ) in the factorization identity 2.3.11 for the binary tree T. So, as we have just 
argued, /t can be analytically continued to an analytic function on M n , which we will denote 
by /t as well and which does not depend on the choice of binary tree T. As we want to analyze 
the constraints imposed on the 2-point coefficients C(x%, X2) by the properties we just stated, we 
now drop these assumptions and only assume that the sums in eq. 2.3.12 converge and define 
an analytic function /x on P[T], which can be analytically continued to M n for all n and all 
binary trees T on n elements. For the sake of the argument, we in particular do not assume 
the /t to coincide for different binary trees, except in the case n = 3, where the assumption 
that the /x coincide for the three possible binary trees on the respective domains is equivalent 
to the factorization condition for three points, eq. 2.3.7, plus the symmetry and normalization 
conditions, eqs. 2.3.8 and 2.3.9. These three conditions will be assumed to hold. 

Now we want to show that these assumptions suffice to deduce that all /t coincide for all 
binary trees T, thus implying the absence of further consistency conditions on C(x\,X2) beyond 
those for n = 3. We graphically present the corresponding proof, which is not very difficult 
and quite similar to the proof of the analogous statement in our example of ordinary algebra. 
We start with the case n = 3. Here, the assumption that all /t agree for the three trees is 
graphically expressed by fig. 2.2. 

^ ^ 

2 3 1 1 2 3 3 1 2 



Figure 2.2: The associativity condition in graphical notation. Double arrows indicate that the 
OPE's represented by the respective trees coincide on the (non-empty) intersection 
of the associated domains Z>[Tj]. Note that these arrows are not a transitive relation: 
The domains associated with the left- and rightmost tree are disjoint. 

Each tree in this graph symbolizes the corresponding expression /t and the arrows denote 
the following relations: (i) the corresponding domains (see eq. 2.3.6) are not disjunct and (ii) 
the expressions coincide on the intersection. Analyticity of the /t then implies that the /t's 
agree on the whole of M n . Let us now move on to the n > 3 case and let T be an arbitrary tree 
on n elements. The idea of the proof is the following: Find a sequence To, Ti, . . . , T r of trees 
such that To = T and T r = S, where S is the reference tree 

S := {{n},{n-l,n},{n-2,n-l,n},...,{l,2,...,n}} ( 2.3.13) 

as drawn in fig. 2.3. 

Furthermore, we want a relation as above, i.e. non-disjointness and equivalence on the inter- 
section of the domains, to hold between elements T, and Tj_i in our sequence of trees. Making 
use of the analyticity properties of the /t as in the n = 3 case, this would yield /t = fs on M n , 
and hence all /t would be equal. 

The construction of the desired sequence of trees is presented in the following by inductive 
methods. Our starting point is the binary tree T = To as depicted on the left of fig. 2.4, where 
shaded regions represent subtrees whose particular form is irrelevant at this stage. 

The next tree in the sequence, Ti, is drawn on the right of fig. 2.4. As stated above, we now 
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1 2 n-2 n-1 n 



Figure 2.3: The reference tree S denned in eq.2.3.13 




Figure 2.4: The first elementary manipulation of the tree T = To on the left into the tree Ti 
on the right. Shaded triangles represent subtrees whose specific form is irrelevant. 

need a relation between those trees. Simply using the definitions one easily finds P[Tq] n£>[Ti] ^ 
0, i.e. the corresponding domains have a non-empty intersection. Furthermore, these trees only 
differ by an elementary manipulation of the kind already considered in fig. 2.2. Therefore we can 
use the result from the three point consistency condition and conclude that the corresponding 
expressions /t and fc 1 coincide on the open domain P[To] fl 22 [Tj and hence everywhere on 
M n because of analyticity. We repeat this procedure until we arrive at the tree T n on the left 
of fig. 2.5, which has the property that the n-th leaf is directly connected to the root. 




Figure 2.5: Another elementary manipulation. 

The transformation of trees we used so far is no longer applicable on this tree, so we now 
perform a manipulation as depicted in fig. 2.5. Again it is easy to convince oneself that the 
desired relation holds between these trees. This process can be repeated until we reach the tree 
T r2 drawn in fig. 2.6. By now it is clear how to proceed the iteration until we reach the desired 



18 



CHAPTER 2. QFT IN TERMS OF CONSISTENCY CONDITIONS 



tree S in fig. 2.3, thus finishing the proof. 




Figure 2.6: The tree T r2 

As a result, we obtain the following theorem: 
Theorem 1 (Coherence Theorem) 

Let /t be defined as in eq. 2.3.12 on the domain T>[T] for any binary tree T as a convergent 
power series expansion and assume that /t has an analytic extension to all of M n . Fur- 
thermore, assume that the associativity condition 2.3.7 and the symmetry and normalization 
conditions, eqs. 2.3.8 and 2.3.9, hold, i.e. suppose that all /t coincide for trees with three 
leaves. Then /x = fs for any pair of binary trees T, S. 



2.4 General theory of perturbations 

The concept of perturbations of a quantum field theory is essential in the extraction of explicit 
measurable predictions from the theory. Thus, we would like to implement this notion in our 
framework as well. This section will be concerned with the description of perturbation theory 
in the new framework. According to our definition, a perturbed quantum field theory should 
correspond to a perturbation series in some parameter A for the OPE coefficients. As these 
coefficients are required to satisfy the constraints given in section 2.2, the perturbations of the 
coefficients will also have to satisfy corresponding constraints. It will be shown in this section 
that these constraints are of a cohomological nature. 

We have seen in the previous section that, up to technicalities related to the convergence of 
various series, the constraints on the OPE coefficients imposed by the factorization condition, 
axiom 5, can be formulated as a single "associativity condition" on the 2-point coefficients only, 
see eq.2.3.7. The perturbed 2-point OPE coefficients will have to satisfy a perturbed version of 
this constraint, which turns out to be essentially the only constraint. We now want to study 
this perturbed version of the associativity condition. 

The analogy between our framework (in particular the factorization condition) and ordinary 
algebra has already been emphasized in the previous section. We now carry this analogy a bit 
further, as the following discussion is closely analogous to the well-known characterization of 
perturbations, or in this context deformations, of an ordinary finite dimensional algebra. Let us 
therefore recall the basic theory of deformations of finite dimensional algebras (see [23, 26]). Let 
A be a finite dimensional algebra over C, whose product is denoted as usual by A (g> A —* A, 
A (g) B AB for all A,B £ A. Then a 1-parameter family of products A <g> B i— > A »\ B, 
where A £ M is a smooth deformation parameter, is called a deformation. We define the product 
A »o B to be the original product AB, but for non-zero A we obtain a new product on A, or 
alternatively on the ring of formal power series C(A) ® A if we merely consider perturbations in 
the sense of formal power series. As argued above, this new product has to satisfy the strong 
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constraints imposed by the associativity condition. Denoting the i-th order perturbation of the 
product by 



m{A,B) 

the associativity law yields to first order 



1 d l 
i!d~A~ 



A* X B 



A=0 



m${id <S> mi) — mo(mi <g> id) + m\{id ® mo) — mi(mo 8> id) = 



f2Al] 



( 2.4.2) 



as a map A A A — > A, in an obvious tensor product notation. Similarly, one obtains 
conditions for higher derivatives mt of the new product, which for i > 2 are of the form 



i-1 

mo(id®mi) — mo(m, ®id) + mi{id®mo) — mi(mo ® id) = — rrii-j(id®mj) — mi—j(mj ® id) • 

3=1 

In this discussion we want to exclude the trivial case, i.e. a simple A dependent redefinition of 
the generators of A. Such a redefinition may be expressed in terms of a 1-parameter family of 
invertible maps a\ : A — > A, such that the corresponding trivially deformed product can be 
written as 

A m x B = a' 1 [a x (A)a x (B)] . { 2.4.4) 

So a\ can be viewed as an isomorphism between (A,»o) and (A,»a), which suggests that the 
latter should not be regarded as a new algebra. To first order, the trivially deformed product is 
given by 



772-1 



mo(id <8> ol\) — mo(ai (8> id) — aimg ( 2.4.5 J 



where cti = ji/^ a \ ■ Similar formulas hold for higher orders. 

A=0 

We now want to give a more elegant formulation and interpretation of our conditions for the 
i-th order deformations of the associative product, eq. 2.4.3, using the language of cohomology 
theory [26]. For this purpose, we introduce the linear space O n (A) of all linear maps ip n : 
A <8> ■ • • <8> A — ► A and the linear operator d : Q n — > defined by 



(#„)(Ai, . . . , A n+1 ) =A 1 ip n (A 2 , A n+l ) - (-l)> n (Ai, . . . , A n )A n+ 



n f 2.4 (T) 

3=1 

Using this definition and the associativity law for the original product on the algebra A one 
can show that d 2 = 0, i.e. d is a differential with a corresponding cohomology complex, the so 
called Hochschild complex (see e.g. [27]). More precisely, let Z n (A) be the space of all closed 
maps ip n , i.e. those satisfying dip n = 0, and B n (A) the space of all exact ip n , that means 
those for which ip n = df/'n-l f° r some ip n -i- Then the n-th Hochschild cohomology HH n (A) is 
defined to be the quotient Z n (A)/B n (A). In this language, we may now identify the first order 
associativity condition, eq. 2.4.2, with the statement dm\ = 0, or equivalently m\ G Z 2 (A). In 
addition, if the new product arises from just a trivial redefinition, as in eq. 2.4.4, then it follows 
that mi = da±, which means mi G B 2 (A). So indeed one finds that the non-trivial first order 
perturbations mi of the algebra product correspond to the non-trivial classes [mi] £ HH 2 (A). 
Hence, HH 2 (A) ^ is necessary for the existence of non-trivial deformations. We now want 
to continue our analysis at higher orders. For this purpose, let us assume a non-trivial first 
order deformation to exist and let us study the second order deformations. Thus, we consider 
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eq.2.4.3 for i = 2 and start with the right side of this equation, which can be viewed as a map 
ll>2 £ 3 (A). Computation shows that <ko2 = 0, so uj2 £ Z 3 (A). The left side of equation 2.4.3 
for i = 2 turns out to be just dm% £ B S (A). Thus, if the second order associativity condition 
is to hold, we must have u>2 = dm,2 £ B 3 (A), or in other words, the class [0J2] £ HH 3 (A) must 
vanish. It follows that there is an obstruction to lift the perturbation to second order in the case 
of non-trivial deformations, i.e. for HH 3 (A) 7^ 0. We can analogously continue to third order, 
obtaining the corresponding potential obstruction that [0^3] £ HH 3 (A) vanishes, and so on. In 
summary, the space of non-trivial perturbations corresponds to elements of HH 2 (A), while the 
obstructions lie in HH 5 (A). 

Let us now conclude this example and try to carry over the concepts we just used to the case 
of perturbations of a quantum field theory in our framework. A short reminder: A quantum 
field theory as defined in section 2.2 is given by the pair (V,C) of a vector space V, as defined 
in eq. 2.2.1, and a hierarchy of OPE coefficients C with certain properties. In section 2.3 we 
argued that all higher n-point coefficients are uniquely determined by the 2-point coefficients 
C(xi,X2). Furthermore, we were able to show that, up to technical assumptions concerning the 
convergence of the series in eq. 2.3.12, the key constraints on the n-point OPE coefficients are 
encoded in the associativity condition, eq. 2.3.7 for the 2-point coefficient, which we repeat for 
convenience: 



C(x2,x 3 )\C(xi,X2) (gucn — C(xi,X3)\id®C(x2,x 3 )) = for r 12 < r 23 < n.3 ( 2.4.7 ) 

We want to study the following problem: When is it possible to find a 1-parameter deformation 
C(x±, X2 \ A) of the OPE coefficients which again satisfies the associativity condition, at least in 
the sense of formal power series in the deformation parameter A? In fact, the symmetry condition 
2.3.8, the normalization condition 2.3.9 and the axioms from section 2.2, except for axiom 5, 
should hold for the perturbation as well. However, as these conditions are linear in C(xi,X2), 
they are much more trivial in nature than eq. 2.4.7. Therefore, for the rest of this section, we 
will not include these conditions in our discussion, but instead continue with the main point, 
i.e. the implications of the associativity condition 2.4.7 for the perturbed OPE coefficients. 

In analogy to the example from ordinary algebra, we will again find a characterization of 
perturbations in a cohomological framework. We now want to define a linear operator b, which 
defines the cohomology in question and therefore plays the role of the d in our example. However, 
because the definition of this operator will involve infinite sums (just as eq.2.4.7) and as such 
sums are typically only convergent on certain domains, we have to specify a set of domains that 
will be stable under the action of b and is suitable for our application. The choice of a set of 
this kind is by far not unique, and different choices will yield different rings. For simplicity and 
definiteness, we chose the non-empty, open domains of (M £> ) n defined by 



T = {(xi,. . . ,x n ) € M„; r 1( j_!) < < r (i _ 2 )i < • •• < m, K i < n} C M n . [ 2.4.8] 

It is possible to express these domains in terms of the D[T] defined in eq. 2.3.10, but this 
will not be necessary. Note also that the associativity condition 2.4.7 holds on the domain 
Fz{r\2 < r 2 3 < r 13 }. 

We also need some objects for b to act upon. Therefore we define 0, n (V) to be the set of all 
holomorphic functions f n on the domain J- n that are valued in the linear maps 

f n (x 1 ,...,x n ):V®---®V^V, (xi,...,0 eF n - { 2.4.9) 

Now we are ready to introduce the boundary operator b : £l n (V) — ► Q n+1 (V) by the formula 
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(bfn)(xi, X n +l) := C(x 1 ,X n+ i)(ld <g> f n (x 2 , . . . , X n+1 )) 
n 

+ ^(-l)7 n (xi, ...,x h ..., Xn+Jiitf- 1 ® C( Xi , x l+1 ) <g> id"-*) ( 2.4.10) 

+ (-l) n+1 C(x n ,x n+ i)(/ n (xi, . . . ,x n ) ®id) , 



where C(xi,x 2 ) is the undeformed OPE coefficient and a hat " means omission. Note that this 
definition involves a composition of C with / n , which, when expressed in a basis of V, implicitly 
involves an infinite summation over these basis elements. It is therefore necessary to assume 
here (and also in the following for similar formulas) that these sums converge on the set of points 
(xi, . . . , Xn+l) £ J^n+i- Thus, whenever we write bf n , it is understood that f n 6 U n (V) is in the 
domain of b. We now need the following lemma: 

Lemma 1 



The map b is a differential, i.e. b 2 f n = for f n in the domain of b, such that bf n is also in 
the domain of b. 



The corresponding proof is essentially straightforward computation and was given in [1], so 
it will not be repeated here. With the help of this lemma, we can define a cohomology ring 
associated to the differential b as 

Z n {V; C) {ker b : Vt n {V) -► n n+1 {V)} 



H n (V-n •= V ' ; = 1 " K ' V n f 2 4 ill 

1 ' >' B n (V;C) {ranb-.W-^V) Q n (V)} ' — — — 

Now that we have introduced the necessary concepts from cohomology theory into our frame- 
work, we will, as in the case of our example from ordinary algebra, be able to find an elegant and 
compact formulation of the problem to find a 1-parameter family of perturbations C(xi,X2', A) 
such that our associativity condition, eq. 2.4.7, continues to hold to all orders in A. Introducing 
the grading of the 2-point OPE coefficients with respect to the perturbation order by 

1 

C i (x 1 ,x 2 ) = -t^C(xi,x 2 ; A) _ , ( 2.4.12 ) 

we note that the first order associativity condition 



( 2.4.13) 



C [x2,x 3 )(c 1 (x 1 ,X2) <3ic?J -Co(xi,x 3 )(id<^C 1 (x2,x 3 ) 
+ Ci(x 2 , x 3 ) (c (xi, x 2 ) ®id\ -Ci(xi,x 3 )(id®Co(x2,X3) \ = 0, 

which is valid for (xi,x 2 ,x 3 ) £ J 7 ^, can equivalently be stated as 

6Ci = . ( 2.4.14) 

Here and in the following b is defined in terms of the unperturbed OPE coefficient Cq. We 
conclude that C\ has to be an element of Z 2 {V\Cq). Let us consider coefficients C(x\,x 2 ) and 
C(xi,x 2 ; A) connected by a A-dependent field redefinition z(X) : V — > V in the sense of defn.2.1. 
To first order, this implies 



Ci(xi,x 2 ) = -ziC (xi,x 2 ) + C (xi,x 2 )(zi ®id + id®z\) , [ 2.4.15 ) 

which is equivalent to bz\ = C\, where again Zi = ^ ^-z(A)|a=o- Thus, again in analogy to our 
example from the beginning of this section, the first order deformations of Co modulo the trivial 
ones are given by the classes in H 2 (V;Cq). In order to generalize this result to arbitrary order 
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in A, we assume all perturbations up to order i — 1 to exist and state the associativity condition 
for the i-th order perturbation as the following condition for (x\, x 2 , x 3 ) G J- 3 : 



{ 2.4.16) 



C (x2,x 3 )(Ci(xi,x 2 ) <£>id^J - C (xi,x-s) (id ® Ci(x 2 , x 3 ) ^ 
+ Ci (x 2 ,x 3 )(c (xi,x 2 ) ® id) - C i (x 1 ,x 3 )(id®Co(x 2 ,x 3 j^ = u i (x 1 ,x 2 ,x 3 ) 



where u>i G f2 3 (V) is defined by 



i-i 

Ld i (x 1 ,x 2 ,x 3 ) := -y^Cj-j(xi,x 3 )(id®Cj(x 2 ,x 3 )) - C i - j (x 2 ,x 3 )(c j (x 1 ,x 2 ) <^ id^j . ( 2.4.17) 



At this stage we again encounter infinite sums when a basis of V is introduced into the above 
equation. We assume these sums to converge on T 3 as well. Then eq. 2.4.16 can also be put 
into the elegant form 



bd = oJi . [ 2.4.18 J 

A solution to this equation defines the i-th order perturbation. It is obvious that a necessary 
condition on such a solution is bu>i = 0, or in other words u G Z 3 (V;Cq). In [ ] it has been 
shown by the following lemma that this is indeed the case. 
Lemma 2 



If LOi is in the domain ofb, and if bCj = LVj for all j < i, then buj{ = 0. 



Again, we do not repeat the proof of this lemma here, but refer the reader to [ ]. Now if a 
solution to eq. 2.4.18 exists, i.e. if uJi G B^(V;Cq), then any other solution will differ from 
this one by a solution to the corresponding homogeneous equation. A trivial solution to the 
homogeneous equation of the form bz% again corresponds to an i-th order field redefinition and 
is not counted as a genuine perturbation. 

We conclude with a summary of our findings in this section: We have found that the pertur- 
bation series can be continued at i-th order, if [uij\ is the trivial class in H 3 (V;Co), which is a 
potential obstruction. In the case where this imposes no obstruction, the space of non-trivial 
i-th order perturbations is given by H 2 (V;Co). In particular, if we knew H 2 (V;Cq) ^ and 
H 3 (V;Cq) = 0, then perturbations could be defined to arbitrary order in A. 



2.5 The fundamental left representation 

In the previous sections we have often used examples from ordinary algebra in order to motivate 
concepts in our framework. In the following we will introduce another such parallel, namely a 
construction in our framework which has some features in common with a representation of an 
algebra. 

In order to motivate certain aspects of our approach, we sometimes wrote formal relations like 

, Va(xi)0 6 (x 2 ) = C^(x l! x 2 )^ c (x 2 )" , ( 2.5.1) 

where summation over repeated indices is understood. It is, however, important to note that 
these relations were only heuristic in the sense that none of our required properties of the OPE 
coefficients relied on the existence or properties of the hypothetical operators cp a , which merely 
served as "dummy variables". Our viewpoint here is again similar to the standard viewpoint 
taken in algebra, where an abstract algebra A is entirely defined in terms of its product, i.e. a 
linear map m : A <g> A — > A. But, as in our case, the algebra elements need not be represented a 
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priori by linear operators on a vector space. Instead one is free to chose any representation, i.e. 
a linear map ir : A — > End(ff), which preserves the product structure, ir[m(A, B)] = 7r(A)Tr(B) 
for all A, B E A. By this line of thought it seems natural to look for a construction similar to a 
representation in our context. As we will argue in the following, it is indeed possible to find a 
"canonical" construction of this kind, which will be called the fundamental left representation. 
This leads us to the following definition: 

Definition 2.2 (The fundamental left representation) 

We define "vertex operators" y(\v),x) : V —* V, also referred to as "left representatives" in 
subsequent chapters, by the formula 

y(\v),x)\w) = C(x,0)(\v)®\w)\ . { 2.5.2) 

for any two vectors \v), \w) £ V and i / 0. Choosing a basis {\v a )} of our vector space V, 
the matrix components of this map are then given by 

[y(\v a ),x)] c b :=(v c \y(\v a ),x)\v b )=C c ab (x,0) . [2^3 ] 
This notion will be referred to as fundamental left (or vertex algebra) representation. 

Note that axiom 8 on the OPE coefficients implies 

y(\d fl v),x) = d li y(\v),x) , ( 2.5.4) 

where on the right side = d Xfi denotes the usual partial derivative with respect to x^. Further, 
by the associativity condition on the OPE coefficients, eq. 2.4.7, one can deduce 

y(\v a ),x)y(\v b ),y) = Y,C c ab (x,y)y(\v c ),y) , for < \x - y\ < \y\ < \x\ , ( 2.5.5) 

c 

which implies that the linear operators y(\v a ),x) satisfy the operator product expansion. Thus, 
we may formally view them as forming a "representation" of the heuristic field operators, i.e. 
formally "7r[0 a (x)] = y(\v a ),x)" is a "representation" of the algebra defined by the OPE coeffi- 
cients. Note also that eq. 2.5.5 may equivalently be written as 

y(\v a ),x)y(\v b ),y) = y(y(\v a ),x-y)\v b ),y) f2^6) 

on the same domain as above. This is a standard identity in the theory of vertex operator 
algebras [4, 5, 28, 29]. The relation between the approach to quantum field theory as outlined 
in this chapter and the mathematical theory of vertex operator algebras will be pursued further 
in [2]. 



3 

The model 



Whereas chapter 2 was concerned with the definition and general features of our new approach, 
we will in this chapter give an explicit construction of a model theory within this framework. 
Our model is a massless, scalar Lagrangian theory on 3-dimensional Euclidean space and the 
construction will be up to low orders in perturbation theory. 

We will proceed as follows: Our starting point will be the construction of a scalar, massless, 
non-interacting quantum field theory in arbitrary dimension D > 3, which is presented in section 
3.1. In this context, we will make use of the fundamental left representation (see section 2.5) 
in order to introduce a formulation of the theory in terms of the familiar concept of creation 
and annihilation operators on a Fock space. This convenient formulation was developed in 
joint work by Hollands and Olbermann [ ]. Then, in section 3.2, an algorithm for the iterative 
construction of perturbations of an interacting Lagrangian quantum field theory is developed 
(also first presented in [ ]). Following this scheme, low order calculations for a specific 3- 
dimensional toy model theory are carried out in section 3.4. Finally, in section 3.5 we give some 
results on OPE coefficients at arbitrary perturbation order, which follow from patterns emerging 
in the mentioned iterative scheme. These last two sections constitiute the main results of this 
thesis. 



3.1 The free massless field 



The aim of this section is to construct a quantum field theory in the sense outlined in chapter 
2 for the "simplest possible example", namely for a free, massless scalar field on D-dimensional 
Euclidean space, which is classically described by a Lagrangian 

Cf ree ((p,d li (p) = — — [ d D y d l _ l (p{y)d^ l (p{y) , ( 3.1.1 J 

which leads to the field equation 



—D(p = D(p = 0, [ 3.1.2) 



O-D 

with □ = S^dpdv and where o~d = ls the surface area of the D-dimensional unit sphere. 

Here the prefactor — — is chosen for later convenience, since it leads to the particularly simple 
form 



26 CHAPTER 3. THE MODEL 



G F (x) = r 2 - D [ 3.1.3) 

for the Green's function of the operator □, where r = \x\. In our framework, construction of 
a corresponding quantum field theory means that we are to find the OPE coefficients £(21,22) 
satisfying the axioms of section 2.2 for this model. Additionally, also according to section 2.2, 
we need to define a vector space V as characterized in that section. We chose this vector space, 
assuming D > 3 for convenience, according to the following definition: 

Definition 3.1 ( Vector space V) 



Let V be the unital, commutative C-module generated as a module (i.e. under addition, 
multiplication and scalar multiplication) by formal expressions of the form di^ . . . d^ N yf and 
unit 1, where Hi S {1,...,D} and curly brackets denote the totally symmetric, trace-free 
part, i.e. by definition 



The trace free condition has been imposed because any trace would give rise to an expression 
containing □</?, which should vanish in order to satisfy the field equation on the level of V. The 
next step is to find a basis of V which is most convenient for our purpose. As an intermediate 
step, let us first consider a basis of ~R D in terms of totally symmetric, trace free, rank-/ tensors. 
For given I > 0, the dimension of this space is N(l,D), where 

f 1 for I = 

N(l,D) = l i2 i +D -2)(i+D-3Y. fnr/ . n , [ 3.1.5 J 

[ (£>-2)U! IOl t > U 

so for example N(l, 3) = 2/+1 and N(l, 4) = (7+1) 2 . We denote the corresponding basis elements 
by {tim)^ 1 '"^ 1 1 Tn £ {1, . . . , N(l, D)}, and for convenience require these to be orthonormal with 
respect to the natural hermitian inner product on (E. D )® 1 induced by the Euclidean metric on 
M. D . Let us first define 

Vim = F(l) t lm 8 l tp := F{l)(t lm f^d^ ...d^ip, { 3.1.6) 

where summation over repeated spacetime indices fii is understood and where 



is a normalization coefficient chosen in a way to later obtain a simple form for the OPE coeffi- 
cients. Then a basis of V as a C- vector space is given by 1, together with the elements 

l,m {CLlm -> 

where o = {a; m | / > ; < m < N(l,D)} is a multi-index of non-negative integers a; m , only 
finitely many of which are non-zero. The canonical dimension of such an element shall be defined 

as 

\a\:=^2a lm (^-^ + n . [ 3.1.9) 

l,m ^ ' 

One may formally view V as a "Fock-space", where aj m is the "occupation number" of the 
"mode" labeled by the quantum numbers I, m. That means, we may decompose V into subspaces 
of different "particle number" (sum of all "occupation numbers") , i.e. 
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oo oo 

V = V n = ® n ^i ( 3.1.10) 

n=0 n=0 

where V n = ® n V\ is the " n-particle" subspace. As usual, it is also possible to define creation 
and annihilation operators, bt and b; m , on the Fock-space, as linear maps bj : V n — > V n+ \ 
and b; m : V n — > V^_i, whose action on the basis elements in our case is given by 



b Lk) 

b/mK) 



(a/ m + 1) 1/2 K+e;,., 



( 3.1.11) 
( 3.1.12) 



where e\ m is the multi-index with unit entry at position I, m and zeros elsewhere. Thus, V n is 
generated from the unit element 1, i.e. the "vacuum", by span(b; irrtl . . . hi nrHn ). These operators 
satisfy canonical commutation relations 



b; m , b|, m , 

btfm, bi' m i 



5ii>8 mm > id 




b f b f 



{ 3.1.13) 
( 3.1.14) 



where id is the identity operator on V. 

We now want to present the explicit form of the OPE coefficients of the model in terms of the 
above operators. In order to further simplify the form of the coefficients, we introduce spherical 
harmonics in D-dimensions (see [30] and appendix D) and establish an isomorphism between 
the totally symmetric, trace- free tensors ti m and the mentioned spherical harmonics Y\ m by 



I in 



d / dQx^---x^Y lm (x) , 



ISO-i 

where we integrate over the D — 1-dimensional unit sphere S ^ 1 . The constant cj can be 
determined by our requirement of orthonormality of the tensors ti m , with the result (see eq. 
D.1.15). 



( 3.1.15) 



2 l T(l + D/2)\ 
l\T(D/2)a D ) 



1/2 



( 3.1.16) 



With this notation in place, we want to proceed to the actual construction of the OPE coefficients 
C(xi,X2)- For this purpose, it is sufficient to consider the left-representatives y(\v a ),x) : V — ► 
V for all \v a ) G V, since the matrix elements [3^(1^), x)\\ = C^ b (x, 0) are exactly the OPE 
coefficients, see section 2.5. We will start our investigation with the simplest non-trivial left- 
representative, y(ip,x), corresponding to the basic field, which is defined as 



oo N(l,D) 



y&,x) 



><j D r 



-(D-2)/2 



E 



1=0 m=l 



D-2 



1/2 



21 + D-2 

r l + (D~2)/2 ylrn {£) fa t + ^1-^/2 ^ 



( 3-1.17) 



where r = \x\, x = x/\r\ and Y lm (x) = Yi m (x). Notice that this equation has the familiar 
form of a free field operator with an "emissive" and an "absorptive" part. However, this is 
less surprising if one remembers that y{ip,x) is in a sense the "representative" of the (formal) 
field operator f>{x) on V. We will now "derive" eq. 3.1.17 from the standard quantum field 
theory formalism, i.e. the vectors \v a ) £ V are now really viewed as quantum fields in the usual 
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sense. In order to determine y((p, x) let us consider the product of (p with an arbitrary element 
\v a ) £ V. Using Wick's theorem, this can be written as: 



\l,m {CLlm -> 



(Vlm) aim (0) 



TT 7 TTaT ( '■ fi x ){ l Pirn) aim {0) : + all possible contractions 

t£ Kn0 1/2 ^ 



{ 3.1.18) 



Y, avm>F(l') t Vm , (-l) ,/ S , V 2 - D ( Wm ,)°»'«.'- 1 (0) If 



2',m' 



Z ,m 

(Z,m)^(Z',m') 



(a Im !)V2 



(¥>lm)° ,m (0) 



Here we have simply inserted the explicit form of \v a ) as defined in eq. 3.1.8, applied Wick's 
theorem and in the last step used the fact that the propagator in our theory is just Gf{x) = r 2 ~ D 
as stated in eq. 3.1.3. Double dots : • : here denote the normal ordered product of the standard 
free quantum field theory formalism. Due to the analyticity properties of this normal ordered 
product, we can perform a Taylor expansion of the corresponding term in eq. 3.1.18 in x around 
0, which yields 



mo)) = n jAwi E jn^ 1 ■ ■ ■ • • • <W*0(°) 

+ £ a lw F(l>) t Vm , (-l) , W- JJ ( Wm ai '"'~ 1 (0) J] 



(Wm) a ""(0) 
1 



J' m' 



Z ,m 

0,7Tl)/(i',m') 



(VlmT lm (0) 



{ 3.1.19) 



This rather lengthy expression can be simplified by the observation that the term x^ 1 ■ ■ ■ x^ 1 ' = 
x® 1 may be replaced by its trace- free, anti-symmetric part x^ 1 ■ ■ ■ x^ 1 '^ due to the field equation 
3.1.2. We may thus use the identity 

x {m . . . X M = c -i (t lm )w-w r l Y lm (x) , 
which holds as a result of eq. 3.1.15. Furthermore, we will need the relation 



( 3.1.20) 



\lal„2-D -l n Z ^(Z + (D — 2)/2) Am^r /~\2-D-l 



(-1) = c[ l 2 l 



t im Y lm ( x y 



{ 3.1.21) 



r(D-2)/2 

with i Zm = t; m , which is derived in appendix D. By substitution of eqs. 3.1.20 and 3.1.21 into 
eq. 3.1.19 we obtain 



<p{*) k(o)) = II ^17^ E ^7 W w (a)w d l '<p(0) 



+ E a l'm'F{l')tl'> 



-l 9 l> + (D-2)/2) I'm'y 2-D-l 

° v r(£>-2)/2 y ^'W r 



(^m) aim (0) 

(Wm') Oi ' TO ' _1 (0) (JT22J 



(!,m)^(!',m') 



A closer inspection of this equation yields the following simplifications: Remembering the defi- 
nition of ipi m (x) in eq. 3.1.6, we can use 
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t Vm , ^V(0) = F(O~V/'m'(0) 



3.1.23) 



in the first line of equation 3.1.22. Secondly, we can just drop the contraction over the tensors 
ty m t in the second line, because in our above construction we chose these tensors to be orthonor- 
mal. Finally, if we insert the explicit form of the constants q and F(l) into the equation and 
perform simple algebraic manipulations, we obtain the convenient expression 



lm 



1/2 



x \a lm + l)Vy+(^)/ 2 y^) k+eim) + (a /m )VV^- 2 )/^ m(i)k _ e;J 
From the above equation we can simply read off the desired OPE coefficients. 



( 3.1.24) 



CUx,0) =^r 



-{D-2)/2 



lm 



D-2 
21 + D - 2 



1/2 



{ aim + i)Vy+p-2)/2y^ )(Wi6 + ^ lm) y\-i^-m Ylm{i)5a _ eimh 

{ 3.1.25) 



Now, by definition 2.2 we have \y{ip t x)] h a = C* a (x,0), so using the ladder operators introduced 
above we finally obtain 



><?d r 



oo N(l,D) 
1=0 m=l 



D-2 



1/2 



21 + D-2 

n=i 

P+P- 2 )/2 ylm {£) ^ + r -l-(»-2)/2 Ylm (x) b lm 



{ 3.1.26) 



which is just eq. 3.1.17. As stated above, this is only the simplest non-trivial left-representative. 
The corresponding formula for a general \v a ) G V, as defined in eq. 3.1.8, is 



n 

Lm 



1 



[F(!)t lm #y{<p,x)]«'- 



{ 3.1.27) 



Again double dots denote normal ordering, which in our Fock space formulation simply means 
that all creation operators are to the left of the annihilation operators. This formula can be 
derived in two ways: One can either proceed in analogy to the simple y(y>, x) case presented 
above, or use the factorization condition, axiom 5, in order to iteratively construct y(\v a ),x) 
out of y(ip,x). If we use the former approach, we again import information from the standard 
formulation of quantum field theory. We thus have to check whether the OPE coefficients found 
this way are compatible with our framework, i.e. we have to check whether the axioms of section 
2.2 hold. This can indeed be done, where most effort again goes into the proof of the consistency 
condition, eq. 2.4.7. Here we will neither give this proof, nor the derivation of eq. 3.1.27 by 
this method. Instead we take the above mentioned alternative road to this equation. In this 
derivation we use the form of y(ip,x) in eq. 3.1.26, and proceed in our framework, as defined 
in chapter 2. So at this stage we impose all our axioms, in particular the factorization axiom 
and therefore also the associativity condition 2.4.7, on the further OPE coefficients. In other 
words, our axioms will not have to be checked afterwards, but are required to hold initially. This 
iterative construction of y(\v a ),x) out of y((p,x) will be described in the next section, where it 
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will serve as an instructive example of the procedure presented there. One should mention here 
that both approaches to the derivation of eq. 3.1.27 work equally well and give the same results. 

Let us conclude this section with a brief summary of our results. We have constructed the 
full quantum field theory, i.e. is the pair (V, C), for the non-interacting model described by the 
field equation 3.1.2 in /^-dimensions (D > 2). The corresponding vector space V is defined 
in eq. 3.1.8 and the OPE coefficients C(x\,X2) can be obtained from the fundamental left 
representation, given in eqs. 3.1.26 and 3.1.27, as described in definition 2.2. Furthermore, 
by the coherence theorem, or more specifically by proposition 1, the n-point OPE coefficients 
C(xi, . . . , x n ) are uniquely determined by the 2-point coefficients C(x\, x^). 

3.2 Perturbations via non-linear field equations 

Having constructed free quantum field theory (for a massless scalar field), we now want to focus 
on the more interesting case of a theory with interaction. In section 2.4 we have discussed 
perturbations in our framework as an analog of deformations of an algebra. This setting was 
very general, in the sense that it also holds for non-Lagrangian models. In the following, we 
are going to deal with the special case of theories which have a classical counterpart with a 
Lagrangian 

£ = £free + C-int j 3.2.l ) 

where Cf ree is given by eq. 3.1.1 and with the interaction part 

C-int = ~ A , f d D y (Tgg 
(k + l)a D J 

with 1 2 < k £ N and A G C. This choice leads to an equation of motion of the form 

Dip = -—ip k => Dip = Xcp k . [ 3.2.3] 
°D 

In other words, we consider massless, scalar ip k+1 -theory with interaction parameter A on D- 
dimensional Euclidean space. In this setting, the following theorem holds: 

Theorem 2 (Perturbations via field equations) 

An interacting quantum field theory (C, V) obeying the held equation 3.2.3 can be constructed 
perturbatively up to arbitrary orders in the coupling constant A from the underlying free theory 
by an algorithm which relies on the successive application of the associativity condition 2.4.7 
and the differential equation 3.2.3. 

This algorithm will be outlined in the following. 

Recall from the previous section that we defined the vector space V to be spanned by trace- 
free expressions of the form . . . d^ N y(p. This was motivated by the fact that all expressions 
containing a trace would vanish in the free theory due to the field equation 3.1.2. In the present 
context, i.e. with a non-linear field equation of the form given above, this argument clearly does 
not hold anymore. Therefore we consider from now on the vector space V which is spanned by 
the unit element and all expressions of the form 9 Atl . . . d^ N ip. Then the vertex operators of the 
interacting theory are maps from V to End(F). In the remainder of this thesis we will drop the 
caret over V again to lighten the notation, but it is always understood that from now on also 
expressions containing traces are allowed. 



1 In fact, we only want to consider renormalizable theories, so k should be chosen appropriately, see also section 
3.2.1 
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Let us chose a basis of the vector space V with elements \v a ) as in the previous section, see 
3.1.8. Then we may transfer the field equation to the level of vertex operators by the identity 
2.5.4, which yields 

ny(ip,x) = xy((f/ l ,x) . { 3.2.4) 

On the level of OPE coefficients 2 , this implies 

UCfyjx) = D(v b \y(ip,x)\v a ) = X(v b \y( l p k ,x) \v a ) = ACj fca (x) {J^5J 

As described in section 2.4, perturbations in our framework imply a grading of the OPE coef- 
ficients C as in eq. 2.4.12. In terms of the basis elements of the OPE coefficients, this grading 
takes the form 

(Ci) c ab (x) := l^ CCab{x) \x=o ' f3^6) 
or equivalently for the left representatives 

1 d* 



yi(\v a ),x):=-^y(\v a },x) . 

Substitution of this grading into eq. 3.2.5 and comparison of the outermost left and right 
expressions in this equation yields an infinite number of relations 

at any order i > in A. The perturbation orders of the coefficients in this equation differ by 
one, as a result of the appearance of the parameter A on the right of eq. 3.2.5. It is this fact, 
which makes eq. 3.2.8 so powerful. At a first glance, it almost seems as if these relations were 
already enough in order to establish an iterative pattern, which allows for the construction of 
the perturbed OPE coefficients up to arbitrary order, starting from the free theory. However, it 
is easy to see that we quickly run into problems. Let us briefly go through the procedure until 
these obstacles appear: The zeroth-order coefficients are known from section 3.1. Then we solve 
the differential equation 3.2.8 obtaining the coefficients (Ci)* . Obviously, we would now like 
to apply this equation again and proceed to second order. For this purpose, however, we would 
need the coefficients (Ci) 6 ka , which a priori we know nothing about. So already at first order 
our iteration seems to break down. At this stage we introduce the second ingredient into the 
construction, namely we assume that the associativity condition, eq. 2.4.7, holds. Suppose for 
the moment that all perturbations are known to order i — 1. Then, according to eq. 2.4.16, the 
associativity condition on the i-th order perturbation can be written as (see also eq. 2.1.7) 



EEPi)^^^)^)^^) = ^2^2(C 1 )Ux 2 ,x 3 )(C l - j ) d ae (x 1 ,x 3 ) , [3^9] 

j=0 e j=0 e 

on the domain T-$ = {r\ 2 < r 2 3 < r\s}, see eq. 2.4.8. Let us consider the special case \v a ) = 
if = \v b ). 



^2^2(C j r w (x 1 ,x 2 )(C t ^) d ec (x 2 ,x 3 ) = ^^(C j y vc (x 2 ,x 3 )(C t - J ) d e (x 1 ,x 3 ) . { 3.2.10) 

i=0 e j=0 e 



2 It follows from the Euclidean invariance axiom that C^ b (x,y) — C c ab (x — y), so C^ b (x,0) = C^ b (x) 
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Next, we are interested in the limit x\ — ► xi- Clearly, the coefficient {Cjf (x\,x>i) on the left 
side of the above equation will be most dramatically affected by this procedure. By the scaling 
dimension condition, axiom 6, we have for this coefficient 

sd{C j Y w <D-2-\e\, { 3.2.11) 

where we also used the fact that \(p\ = (D — 2)/2 from eq. 3.1.9. As all coefficients (C^)^„(xi, x%) 
with negative scaling degree will vanish in the limit, only few terms, namely those with \e\ < \tp 2 \, 
will contribute to the sum on the left side of eq. 3.2.10. 

Let us consider the case j = in the sum on the left side of eq. 3.2.10. With the results 
of the previous section it can easily be derived that only one term in the sum over e will give 
a contribution in this case. This can be seen as follows: The condition |e| < \<p 2 \ restricts e 
to be either 1, ipi m with I < (D — 2)/2 or ip 2 . However, orthonormality of our basis and the 
form of the free theory left representative yo(ip,x) imply that the OPE coefficients (Cq)^? = 
{fimlyoif, X )W) vanish for any value of /, since a single ladder operator does not suffice to 
transform the vector \<p) into \(fi m ). Now let us discuss the choice e = 1, i.e. we consider the 
product (Co^^xi, X2)(Ci)f c (x2, x%) . Here the second coefficient vanishes for i ^ 0, because the 
requirement for an identity element, axiom 4, necessarily requires 

C b ta (x u x 2 ;\)=8 b a { 3.2.12) 

which obviously implies {Ci)\ a {x\, X2) = for i 7^ 0. Thus, for j = and i > the only contribu- 
tion to the sum over e on the left side of eq. 3.2.10 is the product {Ci) < ^ 2c {x2, x 3 )(Co)^ >v> (xi, X2). 

2 

Applying the results of the previous section one finds (Co)^(^i) ^2) = 1- Thus, if we shovel 
all terms except (Cj)^ 2c (a ; 2) ^3) to the right side of the equality sign in eq. 3.2.10, we have the 
equation 3 (for i > 0) 



(Ci) d 2 c (x2,x 3 )= lim VVfC^^.xaK^)},^,^) 

\ e j=0 
|e|<|v 2 | i 

~ Yl Y^w( X ^ X ^ Ci ^) d ec(x2,X 3 ) 
e j=l 

Now suppose we already know (Cj)^, a (xi, X2) for all \v a ), \vb) £ V in addition to all the lower 
order coefficients. Then all expressions appearing on the right side of the above equation are 
known. That means, if we have all coefficients up to (Ci) b oa (x\,X2), then we can uniquely 
determine (C^^^xi, X2) by this equation, which is just the kind of identity we were looking 
for. Before we go on with our iterative procedure, let us first view the above equation from a 
different perspective. Remember, e.g. from eq. 2.1.7, that the first sum just gives the 3-point 
coefficient (Cj)^ c (j;i, X2, x 3 ) on the domain JT 3 . Thus, the relation may equivalently be written 
as 



3.2.13 

) 



/ N<|^ 2 | i 

(Ci)j2 c (x2,x 3 ) = lim \(C i ) d wc (x 1 ,X2,x 3 )- ^ $^(Ci)^(xi, x 2 )(C i _ i )^(x 2 , x 3 ) 

\ e 3=1 

( 3.2.14) 

for < r\ 3 . This suggests the following interpretation: Naively, one might try to obtain the 
desired coefficient {Cj) 2 C {%2, x 3 ) by just letting two points of the above three point coefficient 



3 Here and in the following the limit is understood as lim , i.e. \x\\ approaches \x^\ from below 
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approach each other. Similarly, one might try to obtain ip 2 {x2) as the coincidence limit of the 
product tp{x\)(p{x2). It is a well known feature of quantum field theory that this naive limit does 
not exist, as one is dealing with distributional objects (operator valued distributions in the stan- 
dard formulation, distributional OPE coefficients in our framework). So in order to make sense 
of expressions like Lp 2 {x,2) or (Ci) 2c (x 2 , Z3), one has to subtract counterterms before performing 
the limit in order to obtain well defined objects. That is precisely the meaning of the sum on 
the right side of equation 3.2.14. So in a sense, this equation may be viewed as our analogue of 
renormalization, where the counterterms are represented by the finite sum that is subtracted. 
Note, however, that this identity is an intrinsic feature of our theory resulting from the associa- 
tivity condition. Therefore we do not have to apply any kind of external renormalization as the 
framework is inherently finite at any order. 

Let us conclude this interpretational interlude and come back to our iteration procedure. 
Remember that we have just found a way to express the coefficients of the form (Ci) 2( ,(xi, x 2 ) 
in terms of the (C{) d (x\, X2) and lower order coefficients. This procedure can be repeated. That 
means we start at eq. 3.2.9 again, but this time we chose a = ip 2 and b = if. Following the 
steps that lead to eq. 3.2.13, we again take the limit x\ — ► x<2- We will encounter one summand 

3 

of the form (Cq)^ (x\, x 2 )(Ci) d o3c (x2, x 3 ). The first factor here is again just 1, so we isolate 
(Cj)^3 c (x2, X3) on the left side of the equation, obtaining 



(Ci)t, 3 (x 2 ,x 3 ) = lim 



EE( C i)^( x 2^3)(Ci_ i )J ae (xi ) x 3 ) 

e j=0 



\e\<\^\ i \e\<\<p*\ n li^Po] 

E E(^)>>l>^)( C *-i)ec(*2,X3)- £ (Co)^(x 1 ,X 2 )(C i ) d ec (x 2 ,X 3 ) 
e j=l e^(p 3 

Again, all coefficients on the right side are known. Clearly, this scheme can be continued 
iteratively. Assume we know all coefficients up to those of the type (Ci) d ok _ lc (x 2 , £3), then we 
can uniquely construct the coefficients (Ci) d ykc (x2, x 3 ) by the formula 



(Ci) d kc (x 2 ,x 3 ) = lim 

e j=0 



Xl,X 3 ) 



E E^O^-v^i,^)^-)!^,^)- (Co) e v , k -i< p (xi,x 2 )(C i ) d ec (x 2 ,x 3 ) 

e j=l e^<f k 

This procedure solves the problem we encountered in the discussion below eq. 3.2.8 in our 
approach towards a construction of the perturbed OPE coefficients just using the field equation. 
There we got stuck already at first perturbation order, as we could not relate the coefficients 
(Ci)^, a and (Ci) 6 s . (j . This relation can now be achieved by A; — 1 iterations of the above equation. 

Let us briefly sum up the algorithm we just found: The starting point of the iteration is the 
free quantum field theory (V, Co) as described in section 3.1. Next we use the non-linear field 
equation, more precisely we solve the differential equation 3.2.8, in order to construct the first 
order coefficients of the form (Ci)^, a . Then we repeatedly apply eq. 3.2.16, which follows from 
the associativity condition, obtaining the coefficients (Ci) fe(j , which allow for the construction 

of the second order coefficients (C 2 )^ a via the differential equation 3.2.8 again. Exploiting the 
associativity condition and the field equation once more yields the third order coefficients, and 
so on. The procedure is summarized schematically in the following diagram: 
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n _1 " , associativity " rT 1 " 

(c y ab ► (Ci)^ — (d)^ ► {c 2 )% a 

condition 



[ 3.2.17J 

From the standard formulation of quantum field theory we have learned the lesson, that the 
construction of higher order perturbations should be expected to run into serious calculational 
difficulties already at rather low orders. These difficulties appear in the calculation of Feynman 
integrals containing loops, which has become an independent branch of theoretical physics over 
the last decades. Therefore, we should also expect serious calculational effort to go into the 
explicit construction of perturbed OPE coefficients in our framework. Where do we encounter 
these difficulties? Reviewing our algorithm, we find that it essentially consists of two calcula- 
tional steps: Solving the differential equation 3.2.8 and performing the sums and the limit in 
eq. 3.2.16. The former does not cause any trouble, as all 2-point coefficients can be expressed 
as a linear combination of terms of the form c • Y] m (x)r a (log r) b for some constant c £ C and 
parameters a,b,l,m S N. As we will see below, it is not very difficult to invert the Laplace 
operator on such an expression (see appendix E). It turns out that most calculational work has 
to be put into eq. 3.2.16, especially into the first sum over e. This is an infinite sum over all 
basis elements of our vector space V, i.e. a sum, or rather a multiple sum, over the multi-index 
e. Before performing the limit in eq. 3.2.16, one has to put these sums into a form that makes 
it possible to control the cancellation of infinities with the counterterms. So we have in a sense 
traded the problematic higher loop Feynman integrals for multiple infinite sums. It is not clear 
a priori which way is more convenient for explicit calculations and it is one aim of this thesis to 
give some first impressions of the effort that goes into the explicit construction of perturbations 
of a quantum field theory in the iterative scheme outlined above. 

3.2.1 Ambiguities 

In the usual approaches to renormalization, certain ambiguities are typically present. It is 
therefore natural to ask "how unique" the results obtained from our method are. As mentioned 
above, our algorithm consists of two computational steps: Solving the differential equation 
3.2.8 and applying the consistency condition (eq. 3.2.16). The latter uniquely determines the 
coefficients (Ci) b oka from the coefficients (Ci) b k _ la , so possible ambiguities can only arise in the 
differential equation. In appendix E we present a special solution to this equation, which is used 
throughout this thesis, and the freedom in the choice of this solution is also briefly discussed. To 
sum up, we may add to any solution yi(<p, x) of the field equation an End(F)-valued harmonic 
polynomial in x, i.e. 

y , i (<p,x) = y i (<p,x) + K(z) { 3.2.18) 

with 



K(x) = Kjr J Y JM (x; D) + ^ K 2 _j_ D r 2 - J - D Y JM (x; D) [ 3.2.19) 



J=0 J=0 



where Kj G End(V^). Our choice of left representatives y{((p,x) is further restricted by the 
axioms of our framework (see section 2.2). Most importantly, the scaling dimension constraint, 
axiom 6, restricts yi((p,x) to be of the general form 



with 



yfax) =J2 A i,d, q ,jM\v))r d (logryY JM (x,D) 



{ 3.2.20) 
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A iAq ,j, M € {A E End(V) : \A{v)\ - \v\ — \(p\> d Vt> E V} , { 3.2.21) 

where | • | denotes the canonical dimension of the vectors in V as defined in eq. 3.1.9. The 
fact that in the above condition only an inequality is required to hold means that we may add 
contributions of lower scaling dimension to any OPE coefficient. Thus, the grading of the OPE 
coefficients by dimension, which held in our construction of the free theory in the previous 
chapter, is replaced by a filtration at higher perturbation orders. 

The convention used for the solution of the differential equation within this thesis is justified 
by the following proposition: 

Proposition 2 

Given left representatives yi-i((p k ,x) satisfying the axioms of section 2.2, the solution 3^(y>, %) = 
□ _1 3^i-i('/7 fc , x) satisfies these axioms as well (except possibly the factorization axiom). Fur- 
ther, if the OPE coefficients at order i — 1 are graded by dimension (i.e. if the equality holds 
in the scaling dimension axiom ), then this grading is preserved by the solution obtained with 
the help of D" 1 . 

Remark: The factorization axiom can not be checked with the knowledge of yi((f, x) alone, see 
eq. 2.5.6. Recall from the previous discussion that we assume this property to hold, which 
allows us to determine the other i-th order left representatives by the algorithm outlined above. 

Proof : Axioms 1, 3, 4 and 7 are satisfied trivially, simply because they were also satisfied by the 
zeroth order coefficients and since the operator D _1 does not change any relevant properties for these 
axioms. Similarly, the zeroth order coefficients satisfy the Euclidean invariance property. Since D -1 
acts rotationally invariant (i.e. it does not change the spherical harmonics Yjm) our choice is also 
consistent with this axiom. Further, the constraint implied by axiom 8 is precisely the field equation 
as a differential equation on M. D . Since D _1 is a solution to that equation, it also satisfies this axiom. 
It remains to discuss the scaling axiom and the claim that the grading by dimension is conserved. 
Assume the axiom and the grading to hold at order i — 1. Then sd i)£,k = \a\ + \(p k \ — \b\ holds. 
Using our solution to the field equation, which increases the scaling degree by 2, it then follows that 

sdiC^ = adiCi-i)^ - 2 = |o| + W k \ -\b\-2 { 3.2.22) 

Now we claim that in a renormalizable theory \tp k \ — \tp\ = 2 always holds. This can be deduced 
from the field equation as follows: Comparing the dimensions of both sides of the equation using eq. 
3.1.9 we can solve for the dimension 4 of the coupling constant A. 

|D^|-|^|=2-|/- 1 | = |A| ( Tgjp 

By definition, a theory is renormalizable if |A| = 0, super-renormalizable if |A| < and non- 
renormalizable if |A| > 0. Since we are interested only in the first case, the relation 

l¥> fe | - M = I/" 1 ! = 2 f3^24) 
does indeed hold. Using this relation in eq. 3.2.22 we find the desired equation 



*f(Ci)* 8 = M + M-|&| ( 3.2.25) 

confirming axiom 6 and preserving the grading. Since both the axiom and the grading hold in the 
free theory, they hold to all perturbation orders using our solution. 

□ 

Since the OPE is a short distance expansion, the following theorem should be of interest: 



Recall that the derivations <9 M on V increase the dimension by 1 
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Theorem 3 (Ambiguities at short distances) 



Let \v a ) G V, (vf,\ G V* be arbitrary with (Ci_i) 6 k a ( x ) 0- Then the most rapidly divergent 
part of the OPE coefficients (Cj)^ a (x) in the limit x — > is uniquely determined by the 



solution (x) 



Proof : In order to find the part of an OPE coefficient with the strongest divergence, we first extract 
the contribution of maximal scaling degree. From the scaling axiom we know that this is the 
contribution proportional to rl c l _ l a l~l''l for a coefficient {Ci) c ab . Let us denote the projection on the 
contribution of scaling degree d by Sea- Thus 

(ay ab ( x ) = sentinel (ay ab (x) + o{r d ) { 3.2.26) 

with d > |c| — \a\ — \b\. As the OPE coefficients may also contain powers of logarithms, it is not 
guaranteed that all terms in Sci a i + |h|_| c | {Ci) c ab (x) have the same divergent behavior for x — > 0. In 
order to find the dominating contribution to S r ci i_|j{,|_| c | {Ci) c ab (x) at short distances, we have to 
pick out the terms including the highest powers of logr. 

Now the claim is that this contribution containing the highest power of log r among the terms 
of maximal scaling degree is uniquely determined by □~ 1 (C i _i)^ fca (a;) (provided (Cj-i) 6 u a { x ) 
0). Recall from proposition 2 that □ _1 (Ci_i)* ka (x) exclusively contains terms of maximal scaling 
degree, i.e. 

Sc\a\+\<P\-\b\ l&U*) = °" 1 (C f i-i)^ (a;) + "ambiguities". ( 3.2.27) 

To finish the proof, we show in the following that D~ 1 (Ci-i) b oka (x) always contains higher powers 
of log r than any possible ambiguity. Recall from the discussion at the beginning of this section that 
the ambiguities have to be in the kernel of □ and in addition have to be compatible with the axioms 
of section 2.2. The elements in the kernel of the Laplacian are the harmonic polynomials, hence the 
ambiguities have to be of the form 

KM^^P^ f ° rJ -° ( 1^28) 
\r J Y_ (J+D _ 2)M (x) forJ<0 

Since we only consider ambiguities of maximal scaling degree, we are only interested in J = \b\ — 
\ip\ — \a\. We distinguish two cases: 

1. 2£7iju_|p|_i a |)(a;) is incompatible with the Euclidean invariance axiom. Thus, no terms of max- 
imal scaling degree may be added to D- 1 (C i ^ 1 ) b k (x) and we have 

Sc w+M _| 6 | (d) b va (x) = U-^C^xf^ix) { 3.2.29) 

in accordance with the theorem 

2. i^(|b|-| l)9 |-|a|)(2 ; ) is compatible with the Euclidean invariance axiom. Then □~ 1 (Ci_i) b ka (%) 
contains a contribution proportional to the same spherical harmonic as K^ a ^ v ^^(x), since 
□ _1 (Ci_i)^ fcQ (x) itself also satisfies the Euclidean invariance axiom. It follows from the defi- 
nition of in eq. E.7 that any contribution to □~ 1 (Ci_i)^ )fca (a;) proportional to a harmonic 
polynomial includes at least one power of logr. Since the ambiguities contain no logarithms, 
they diverge less rapidly. 

□ 

Remark: The theorem does not imply that D^ 1 determines the short distance behavior of the 
complete OPE, since we excluded coefficients (Cj)^ a with (Cj_i)^ fea = 0. 

It has been mentioned a few times that our construction does not rely on any renormalization 
prescription. Nevertheless the ambiguities in our approach share some intriguing similarities 
with the well known remormalization ambiguities of standard quantum field theory. 

• Renormalized composite quantum fields are filtered objects by scaling dimension (as op- 
posed to graded). Similarly, our OPE coefficients are filtered by scaling dimension in the 
interacting case. 
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• One may change the definition of D _1 by introducing a complex parameter [i in every 
logarithmic contribution, i.e. logr — ► log(/xr). This solution also satisfies proposition 2. 
The free parameter [i is reminiscent of the choice of renormalization scale in the standard 
formulation of quantum field theory (see also section 3.6). 

A deeper understanding of the ambiguities and their relation to renormalization theory may be 
a topic for future research (see chapter 4). 

3.2.2 Construction ofy (\v a ),x) 

As already promised in the previous section, we conclude with the construction of the general 
left-representative y(\v a ), x) in the free theory, i.e. we give a proof of eq. 3.1.27 (in this section we 
should actually write yo(\v a ) , x) indicating zeroth perturbation order, but for convenience we will 
not do this in the following discussion). Our starting point is the left representative y(<p, x),see 
eq. 3.1.26 , which has been "derived" from standard quantum field theory. Remembering the 
identity [3^(1^) , x)]% = C^ b , it is clear that the iterative scheme of this section, in particular eq. 
3.2.16, is exactly the needed tool for our purpose, as it allows for the construction of y((p k ,x) 
starting from y((p, x). It is then possible, by taking the appropriate derivatives and multiplying 
the right constants, to determine y(\v a ),x) from y{(p k ,x). Thus, the following calculation is 
also a good practice for later applications of the consistency condition, eq. 3.2.16. Let us begin 
with the first application of this equation: 



Cj 2a (x 2 ,x 3 ) = x lim 2 ( J2 CC V a(x2,x 3 )C b vc ( Xl ,x 3 ) - C^(x u x 2 )5 b a ) { 3.2.30) 



c 



This is just eq. 3.2.13 for i = with an additional counterterm due to eq. 3.2.12. We can 
rewrite this equation as 

3V, x) = Km (y{<p, x)y(<p, y) - [y(<p, x - y)\l l) . f3^3l) 
By the definition of y(cp,x) in eq.3.1.26, we can write this product as 

l,V m,m' V 7 



r V + (D-2)/2 yVm> {S:) b t ^ + r -l'-(D-2)/2 ^ 
r lHD-2),2 ylm m ^ + r -l-{D-W Ylm {y) b lr , 



where r x = \x\ and r y = \y\ respectively. Let us focus on the following partial sum 



-(D-2)/2_-(JJ-2)/2 



y 



oo N(l,D) 

E 

1=0 m=l 



E 



D-2 
21 + D-2 



J+(D-2)/2 -J-(Z>-2)/2 ylm 
1 y 1 x 1 



(y)Yim(x) hi m h\ m 



This sum is of particular interest, because it is the only partial sum of eq. 3.2.32 with infinitely 
many non-vanishing contributions after taking matrix elements (vf,\ ■ \v a ). This is due to the 
fact that the successive application of creation and annihilation operator with the same indices 
on some vector \v a ) £ V gives, according to the definitions 3.1.11 and 3.1.12, just a prefactor of 
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( a im + 1); where a\ m is the "occupation number" of the respective mode. It is easy to convince 
oneself that all other contributions to y(<p, x)y(ip, y) have finite matrix elements. First, consider 
the partial sum of eq. 3.2.32 with two annihilation operators. Again, according to eq. 3.1.12, 
the action of an annihilation operator hi m on a vector \v a ) gives a prefactor of (aim) 1 / 2 an d 
reduces the index ai m by 1. Recall that in the definition of our basis V we demanded the multi- 
indices a of the basis elements \v a ) to contain only a finite number of non-zero entries. Hence, 
the aforementioned prefactor resulting from the application of an annihilation operator makes 
sure that a sum of the type Yl'iZo bjml^a) is always finite. So if we sum over the product of two 
annihilation operators, both of these sums will be finite. Concerning the case of two creations 
operators, we can deduce from orthogonality of the basis elements that (vb\h\ m \v a ) = for 

o + eim 7^ b, so the sum SiM)( u &IWml' Ua ) ^ as a * mos * one n on-zero summand and is thus finite. 
Finally, let us come to the partial sums with a pair of one annihilation and one creation operator. 
If the former stands to the right of the latter, we can simply use the same argumentation as in 
the case of two annihilation operators and find that also here no infinite sums appear. This only 
leaves the case where the creation operator acts before the annihilator. However, if the indices 
on these two operators do not coincide, it follows from the commutation relations 3.1.14 that 
we may simply exchange their order, which leads us to the case that we just argued to be finite. 
Hence, the only possibility for infinities to appear in an arbitrary matrix element of eq. 3.2.32 
is the matrix element (v a \ ■ \v a ) of the partial sum in eq. 3.2.33. 

We can further simplify the analysis of this infinite sum by exploiting the commutation relation 
of the ladder operators also in this case, which suggests that in addition to the term where the 
order of the two operators is switched we pick up a term with the identity operator replacing 
the pair of ladder operators, i.e. 



*W>L = b] m b lm + id { 3.2.34) 

Then, the first term is finite again, since now the annihilation operator acts first, and the 
remaining infinite sum has the form of eq. 3.2.33 with the ladder operators replaced by the 
identity. We now want to find a closed form expression for this sum. Using the addition 
theorem for the D- dimensional spherical harmonics (see eq. D.1.7), 

V Y lm (x)Y lm (y) = ^^l Pl (D, x ■ y) (J235) 

where Pi(D, x) is the L>-dimensional Legendre polynomial and N(l, D) and ctd are defined as in 
section 3.1, we can perform the sum over m and arrive at the formula 



-(£>-2) 



- <, . O ^ > .si 
I 



£( i ) (r) W*'® 

1=0 



In view of eq. 3.2.31, we are interested in the limit y — > x in this expression, so for convenience 
we may chose x and y collinear, i.e. x = y. As the Legendre polynomials are normalized, 
Pl(D, 1) = 1, the equation further simplifies 



1=0 v / \ •*/ ; =0 



Here CY(x) are the Gegenbauer polynomials (see e.g. [31] or [32]) and should not be confused 
with an OPE coefficient. It is useful to write the equation in this form, because the generating 
function of the Gegenbauer polynomials is well known: 

oo 

J2C?(z)h n = (1 -2hz + h 2 )-" for \h\ < \z ± {z 2 - l) 1/2 \ { 3.2.38 J 
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Since we know that r x > r y in our case, we can apply this identity to eq. 3.2.37 with the result 

-(D-2) / 1 \ D-2 



r , 



so this partial sum of eq. 3.2.32 is in fact divergent in the limit y —* x. Hence, there should 
either be another divergent part of this sum with opposite sign, or the " counterterm" has to 
cancel the divergence. Our formula for y(<p,x), eq. 3.1.26, yields for the counterterm 



C* v (x-y) = \x-y\-( D - 2 \ f3^40j 

which is indeed equal to eq. 3.2.39 in the limit y —* x. As there are no additional counterterms, 
and as the rest of eq. 3.2.32 is finite, the intrinsic renormalization procedure has indeed worked 
out. Note that we can reduce the calculational effort drastically if we just drop the counterterm 
together with the partial sum considered above from eq. 3.2.31. This can be achieved in a very 
elegant manner, namely by normal ordering, i.e. by simply rearranging the order of the ladder 
operators in eq. 3.2.32 in such a way that the annihilation operators always act first. If these 
operators are commuting, nothing changes in this trivial process. Hence the only case where this 
procedure actually manifests itself is if we put products of the form hi m hj m into normal order. 
Usually we would have obtained an additional term with the ladder operators replaced by the 
identity, if we were to exchange the order of this expression by hand, due to the commutation 
relations. If we require normal ordering, this extra term is neglected. Now recall form eq. 3.2.33 
and the subsequent discussion that it was precisely this extra term that was responsible for the 
divergence, which canceled with the counterterm. Hence, we may simply forget about this extra 
term and the counterterm altogether, which is expressed in the following formula: 

y(<f, x) = lim (: yfa x)y(<p, y ) -.)=-. (y(<p, x)) 2 ■. { 3.2.41) 

y— >x \ J 

As above, double dots denote normal ordering. 

This procedure can again be iterated. Let us proceed with the analog of equation 3.2.31 for 
the next left representative 

N<k 3 l 

K^,x) = lim y(cp,x)y(ip 2 ,y)- V [y(cp,x-y)} e v y(\v e ),x) , { 3.2.42 J 



which follows from eq.3.2.15. The sum over e can be further specified by noting that the 
restrictions |e| < |c/? 3 | and e / ^ constrain e to be of the form 1, <pi m with I < (D — 2) or 
VZmVz'm' with l + V < (D — 2)/2. Eq. 3.2.41 suggests that y((f 2 , x) acts by two ladder operators, 
so it follows that only the option e = ipi m gives a non- vanishing OPE coefficient C^ 2 ; since 
in the other two cases no combination of the two ladder operators can transform (p into e. 
Therefore, the above equation may be simplified to 

D-2 

3V, x) = lim \y(<p, x)y(<p 2 ,y) - V C%r(x - y)y{ifi m , x)} , { 3.2.43) 



v- 



1=0 



Now let us see what happens is we again just prescribe normal ordering to the product of the 
left representatives y(<p 2 ,y) =: \y{<f,y)} 2 '■ and y{ip,x). This time we encounter products of 
three ladder operators, two of which are already normal ordered. Normal ordering is trivial 
except for terms of the form : bj/ ,bj m : h\ m or : b;/ m /b; m : hj m . Ignoring the sum over the 
primed indices in these expressions, we can carry out the sums over m and / just as we did in 
the calculations leading to eq. 3.2.41. Therefore, the partial sum containing all expressions of 
the form just mentioned can be simplified to 
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2(r x -r y )-( D ^y(cp,y), { 3.2.44) 

where the term in brackets results from the sum over I and m, y(<p, y) represents the sum over V 
and m! and the additional factor 2 comes into the equation, because the sums over expressions 
including : bj, m ,bz m : b\ m or : b/ m b[ /m , : 

^Im are ^ e same due to normal ordering. Since y((f, x) 
is analytic around y = x, we may perform a Taylor expansion 



2(r y - r x )-^y{^ y) = 2(r y - r,)-^ £ ^L-Ettfyfa x ) f3^45] 

But this is exactly equal to the counterterms C^^JyX — y)y(^pi m ,x) in the limit x — > y, so we 
can drop all these terms, require normal ordering and write 



3V, x) =: y(<p, x)y(<p, x)y(<p, x) : . [ 3.2.46 J 



The generalization of this result to arbitrary powers uses the same argumentation, and it is then 
a straightforward calculation to verify the formula for the general left representative y(jv a ),x) 
given in eq. 3.1.27. 



3.3 Diagrammatic notation 



The algorithm presented in the previous section can be neatly visualized in terms of rooted 
trees, which should not be confused with the trees we used in chapter 2.3. These trees will 
help us keeping track of all the infinite sums and subsequent inversions of the Laplace operator, 
which are the main steps in the scheme of the previous section. They might further be helpful to 
distinguish emerging patterns in our construction. In this section we introduce this diagrammatic 
notation, defining the explicit correspondence between parts of the graphs and the expressions 
appearing in the scheme of section 3.2. Its usefulness will become clear in the following sections, 
where it will be widely applied. 

Let V be the Fock space defined in section 3.1 and let (see also appendix E) 



Y(x) = C[r,r -1 ,bgrl ®{Y n (x;D)} ® End(F) . ( 3.3.l) 



Then the following linear map defines our diagrammatic notation: 
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Definition 3.2 (Diagrammatic notation) 



Let T be a rooted tree. To each leaf of this tree assign a label of the form ±lm, where I 6 N 
and m E {1, . . . ,N(l,D)} and N(l,D) is defined as in section 3.1. Let us call these labeled 
trees T l . Further, let x G M. D , r = \x\ and x = x/r as in the previous section. Then we define 
the linear map Q x : T' — ► Y(x) by the following rules: 



-flm 



( 



D-2 



D-2 
21+D-2 



1/2 



Y lm (D;x)b 



l in 



1/2 



( D - 2 ) Y lm (D;x)h 




□ 1 (" terms associated to ingoing edges") 



Here by D _1 we mean inversion of the Laplace operator (see appendix E). The order of the 
ladder operators b is according to the corresponding labels on the trees, i.e. if the label +lm 
is left of the label —I'm', then the operator b| m is left ofh 



Let us explain these relations: By the first two assignments, the leaves of the tree are closely 
related to ^0(^5^)) see eq. 3.1.26. In fact, they are either the part of yo((p,x) containing the 
annihilation operator, or the part containing the creation operator. This is where one starts to 
calculate the expression corresponding to a tree. Whenever edges meet at a vertex, the outgoing 
(parent) edge is recursively determined by its children, i.e. the ingoing edges, by an inversion 
of the Laplace operator on the expressions associated to these ingoing edges (see appendix E for 
more information on this inversion). It should be noted that the root is not a vertex (although 
incoming edges meet), so no differential equation must be solved there. 

As an example, let us write the left representative y((p 2 ,x) in this notation (compare eqs. 
3.2.41 and 3.1.26): 



l.V m.m' 




( 3.3.2] 

Double dots again denote normal ordering, which in this case means that in the last tree the 
leaves are switched if the indices coincide, i.e. if (l,m) = (l',m'). In explicit calculations, 
such relations will come in handy, especially at higher perturbation orders. Some additional 
conventions will also be helpful in more complicated examples: 

• from here on we use the following shorthand notation (analogously for more complicated 
trees): 




-\-lm 



+ Z m 



( 3.3.3) 



whenever we draw a tree with unlabeled leaves, it is understood that we sum over all 
possible labels for those leaves 



42 



CHAPTER 3. THE MODEL 



whenever two leaves are connected ("from below") by a line with an arrow, then the labels 
of these leaves are contracted; more precisely we attach the label —(lm) to the leaf that 
is pointed at by the arrow, attach the label +{lm) to the leaf at the other end of the line 
and sum over / and m 



1 1 - £ / 1 

| | -(lm) +(Im) r — 

• if two leaves are connected by a line from below and if this line is dashed, then we contract 
the labels of these leaves, but replace the corresponding ladder operators by the identity 
operator id on V 

These conventions substantially simplify the diagrammatic notation, e.g. eq. 3.3.2 may now be 
expressed as 



More complicated examples can be found in the following sections. 



3.4 Low order computations: Next to leading order 

From now on we focus on 3-dimensional scalar, massless quantum field theory with (^-interaction 
(see 3.2.3). This allows for more explicit results and facilitates calculations. The choice to 
work on a 3-dimensional spacetime was made in order to keep representation theory simple, as 
the 3-dimensional rotation group SO(3) is familiar and well understood. The exponent of the 
interaction term in the field equation was chosen in such a way that the coupling constant is 
dimensionless. 

3.4.1 Construction of 3MV 9 > x ) 

Recall the results of the previous two sections: In sec. 3.1 we constructed the complete left 
representation, and hence the complete quantum field theory, for the non-interacting model 
obeying a field equation of the form 3.1.2. Secondly, in sec. 3.2, we presented an iterative 
scheme that allows for the perturbative construction of an interacting quantum field theory, with 
a non-homogeneous field equation of the form 3.2.3, given that the corresponding free theory is 
known (more precisely, we actually only need the left representative yo((p,x) as starting point 
of the iteration). Combining the information from these chapters, it is clear that we should 
be able to construct perturbations of the free theory in our setting. The first step beyond 
leading perturbation order is the calculation of the left representative yi(tp, x) according to our 
algorithm, which is the aim of this section. 

Remember from section 3.2 that the field equation can be exploited in order to find relations 
between OPE coefficients of different perturbation orders, see eq. 3.2.8. The corresponding 
relation connecting first order coefficients to those of the free theory is of the form 

□(Ci)Ua:) = ( C ^b( x ) • f3AT) 

As mentioned above, for calculational ease we will in the following consider the specific theory 
with </? 6 -interaction, i.e. k = 5 in the above formula, in 3 dimensions. In this context we have 
the equation 
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where A = + <9^ 2 + d% is the familiar three dimensional Laplace operator. In terms of left 
representatives, this equation implies 



Ay 1 (< P ,x) = y (<p 5 ,x). 



Therefore, to reach the aim of this section, all we have to do is solve this differential equation. 
Let us first recall our results for the free theory from section 3.1. In D = 3 dimensions, the 
leading order of our theory is characterized by the equations 



oo I 



4ir 
21 + 1 



1/2 



r l Y lm (x) h\ m + r~^ Y lm (x)b lr 



1=0 m =-l 

which is the D = 3 case of the general expression for yo(<p, x ) i n e Q- 3.1.26, and 



y (\v a ),x) = : n 1 [t lm d l y (<p, x)) 

l,m {aim - > 



An even more compact form of eq. 3.4.4 can be obtained with the help of the modified spherical 
harmonics defined as 



Slm{x) 

see [i \] and eq. D.2.3, which gives 



47T 

21 + 1 



1/2 



Ylm(x) 



oo I 



y Q {<p, x) = J2H [ rl slm & b L + Slm(x) b lm 



[3A6) 



1=0 m=-l 



In view of eq. 3.4.3, the left representative ^o^i^) is of special interest to us. According to 
the equations above, it takes the form 



h,...,h mi,...,m 5 

+ 5 • r^+-+ 1 ^- 1 ■ S l ^(x) ■ ■ ■ S l ^(x)S l5m5 (x) • bf imi • • • h\ im h hmb 

+ 10 . r ii+J a -H3-U-i5-2 . S^^^^m^^^ms^)^^)^^) . bf imi bf 2m2 b; 3m3 b km4 b^ 5m5 

+ 10 . ^+1,-13-^-15-3 . 5^(x)5'^ 2 (x)^3 m3 (x)S Z4m4 (x)5 Z5m5 (x) • bf imi bf 2m2 b Z3m3 b km4 b, 5m5 
_l_ 5 . r h h ... h 4 _ ghmi ^x)Si 2m2 (x) ■ ■ ■ Si 5ni5 (x) ■ b| imi bi 2rri2 • • • b/ sm5 
+ ^ 1 ° ' S[ lTni (x) • • • Si 5Tri5 (x) • b/ lTOl • • • b/ 5?Ti5 ^ . 

Here normal ordering has already been carried out, which explains the numerical prefactors in 
lines 2-5, as e.g. the sums over : h\ imi ■ ■ ■ b l5TOe : and : b{ imi • • • bj^bj^ : are equivalent 
after normal ordering. In our graphical notation, this could simply be written as 



x 
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where we remind the reader that summation over all possible labels for the 5 unlabeled leaves 
is implicitly assumed. 

Before solving the differential equation 3.4.3, we want to put yo(ip 5 ,x) into a form better 
suited for this task. The main obstacle in trying to invert the Laplace operator on eq. 3.4.8 
is the product of the spherical harmonics. The differential equation is simplified decisively if 
these products are decomposed into their irreducible parts, i.e. if we "couple" the spherical har- 
monics using as intertwiners the familiar Clebsch-Gordan coefficients (or, equivalently, Wigner 
2>j -symbols). For details on the representation theory of the 3-dimensional rotation group, see 
appendix D.2 and references therein. The identity we are looking for is eq. D.2.22, which was 
derived in the appendix, and we repeat it here for reference: 

S hmi (£) ■ ■ ■ S l ^(x)S lp+imp+1 (x) ■ ■ ■ S lqmq (x) = 

y]T[+(hmi), ...+ (IpTRp), -(Ip+irrip+i), .... - {l q m q ))j M S JM (x) 
J 

{ 3.4.10) 

Here T is a tensor, which contains the consecutive application of the intertwiners as defined in 
eqs. D.2. 20 and D.2. 23. Before we apply this equation on the product of the spherical harmonics 
in eq. 3.4.8, let us first introduce some abbreviations: 

Definition 3.3 (Abbreviated indices) 

Let q, i,li S N and rrii S {—h, ■ ■ ■ , h}- Then we define the abbreviated notation 

q _ ( +(kmi) for i> q 
1 \ —(linn) for i < q 

b b k 

Further, let b +{lm) : = b[ m and b_ (Zm) := h lm , E = E E and e ±{lm) 

\ q i= a k=ami=—li 

that ei m is the multiindex with unit entry at "position" (lm)). 



With this notation and representation theoretic machinery, we can put eq. 3.4.8 into the con- 
venient form 



O OO , v 

y (v\ X ) = j2 E Eur Hl ~'""^ 9+1+ ' ■■ +h ~ q) -n q v-M}jMSj M (x)b q ...b q , 

9=0 t«,...,t!=0 J 

{ 3.4.12J 

which is much better suited for our purpose, i.e. for solving the differential equation 3.4.3, since 
now we have expressed yo(ip 5 ,x) as an element of the ring of functions Y(x) defined in eq. E.2. 
Assuming that any left representative can be written as an element of this ring, a solution to 
the differential equation is simply found by application of the operator D^ 1 G End(Y(x)), which 
we call A -1 in three spacetime dimensions. Recall, however, that this solution is not unique. 
For a discussion of these ambiguities see section 3.2.1. 

Before we give the result for the left representative y\(ip,x), let us first introduce some more 
notation for convenience: 



( 3.4.11) 

±ei m (recall 
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Definition 3.4 (Gradings of left representatives) 



The decomposition of an arbitrary left representative y n (\v a ), x) with respect to its dimension 
is written as 



y n {\v a ),x) =: 2 y n (\v a ) , x; d) 



3.4.13) 



d=— oo 



while the grading by irreducible representations of the rotation group SO(3) is introduced as 

oo J 



y n (\Va),x) =: 2 2 yn(\ v a),x)jM ■ S JM {x) ■ 



j 3.4.14) 



J=0 M=-J 



Then we finally obtain y\(ip,x) by application of the operator A -1 , i.e. eq. E.7 in D = 3 
dimensions, to yo(ip 5 ,x) in the form of eq. 3.4.12. Using the gradings introduced above, we 
find: 

Result 3.4.1 (The left representative yi(ip,x)) 



oo oo J 



d=-oo J=0 M=-J 



yi(<p,x)= 2 2 2 y (^,x;d)j M ■ r d+2 S JM (x) ■ D(d + 2,J,r) , [ 3.4.15) 



where we defined (see also eq. E.8 for q = and D = 3) 



D(d,J,r) := < 



l 



log r 
23+T 



for min{|d|, |d+ 1|} + J 
for min{|d|, |d+ 1|} = J 



{ 3.4.16) 



for the sake of brevity. The diagram corresponding to this equation is simply 



yiif,x) 





[ 3.4.17 J 



The difference to the diagram for the left representative yo(<p 5 , x) in eq. 3.4.9 is the appearance 
of a vertex below the root, which according to the rules of def. 3.2 stands for the inversion of 
the Laplace operator. In the second equality we dropped the double dots, as from here on we 
implicitly assume normal ordering whenever 5 leaves meet at a vertex. In summary, we have 
successfully determined the first NLO left representative. 



We end this section with the computation of the explicit form of the first order OPE coefficient 
(Ci)^ We will proceed as follows: After introducing some additional notation to keep the 
equations at a reasonable length, we first give a general result for the OPE coefficients of the 
free theory. Then the differential equation 3.4.2 will be applied in order to find the desired first 
order coefficients. 
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Definition 3.5 (Metric on V) 

For two vectors \v a ), \v b ) £7 we introduce the metric 5 g : V ® V — > N 

oo / 

g{\v a ),\v b )) = g(a,b) :=^2 ^2 \ a lm~ b lm\ > ( 3.4.18 ) 

where | • | denotes the usual absolute value of an integer. This notion measures how much \v a ) 
differs from \v b ), in the sense that at least g(a,b) ladder operators are needed to transform one 
of the vectors into the other. Note that g(a, b) is always finite, since we required the multi- 
indices labeling our basis elements to have only finitely many non-zero entries (see eq.3.1.8). 

As we will see below, OPE coefficients (Ci) b ka with equal values of g(a,b) exhibit structural 
similarities, so we will often classify OPE coefficients by this value. Further, the notion of multiset 
will be frequently used (see appendix B). In this context, we make the following definitions: 

Definition 3.6 (Multisets of indices) 

Let if be dehned as in def. 3.3 and let \v a ), \v b ) E V. We dehne the following three sets: 



1 = {21 = 1^, . . . , £5 I n € N , q € {0, . . . ,n}} [ 3.4.19) 

Z(n) = {21 e J| card(2l) = n} = {& = £!?,..., £5 |g G {0,...,n}} ( 3.4.20) 

l b a (n) = {21 G I(n) I (v b \ : 11 b,« : |u a ) / o} ( 3.4.21) 



The set X may be interpreted as the set of all possible labels for any number of leaves of a tree 
(see section 3.3). Then I(n) is the subset of I containing all labels for trees with n leaves. Recall 
from section 3.3 that we associate ladder operators to the leaves of a tree. The set X^(n) is the 
restriction of T(n) to the labels of those trees that transform the vector \v a ) into \v b ) (recall that 
our basis is orthogonal, thus (v b \v a ) = for a / b) after normal ordering of the corresponding 
ladder operators. 
Proposition 3 

From the definitions above it follows that 

card (l*(n)) = 1 if g(a, b) = n { 3.4.22) 

and 

l b a (n) = for g(a, b) > n or g(a, b) + n = odd . { 3.4.23 J 



Proof: The first statement, cq. 3.4.22 follows straightforwardly from the definition of g(a,b): The 
condition g(a, b) — n tells us that at least n ladder operators are needed to transform \v a ) into \vb). 
In other words, the multiindices a and b differ in n entries. Therefore the multiset 21 = "[If , . . . , 1*^ € 
Ia( n ) 1S uniquely fixed by the condition (v b \ : Y[i q £<A.^ ) i q '■ \ v a) 0; so ^-a( n ) contains only one 
clement if g(a, b) = n. 

Let us come to the second part of the proposition. For g(a, b) > n the set T^(ri) is empty, because 
more than n ladder operators are needed to tranform \v a ) into \vb). Thus, the condition on the 
multisets 21 in the definition of Za( n ) cannot be satisfied due to orthogonality of our basis. Hence 

l b a (n) = for g(a, b) > n. [ 3.4.24) 

This notion is not directly related to and should not be confused with the canonical dimension \a\ defined in 
eq. 3.1.9. 
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Similarly, the set is empty for g(a, b) + n = odd, which can be seen as follows: If g(a, b) is an even 
number, then we need an even number of ladder operators to transform \v a ) into (the minimum 
number g(a,b) plus pairs of contracted operators, i.e. creation and annihilation operators with the 
same indices). Thus, 2^(n) vanishes if n — odd in this case. Similarly, the set is empty for n = even 
if g(a, b) is odd, so 

X\(n) = for g(a, b) + n = odd . ( 3.4.25 ) 

□ 

Definition 3.7 (Shorthand notation for dimension of OPE coefficients) 

Given any three basis vectors \v a ), \vj,), \v c ) £ V , we define 

d = \c\- \a\ - \b\ = -sd (d) c ab { 3.4.26) 

(recall the definition of\-\ for multiindices from eq. 3.1.9 and the definition of scaling degree 
from eq. 2.2.22). Further, given a multiset 21 = , . . . , t^j £ X(n) and two basis vectors 
K), \vb) £ V satisfying b = a + Ya=i e \\i let 

^ := Y, fa + D-i, {h + k)-l = - sd (°i)U ■ f3^27) 



Definition 3.8 (Shorthand notation for coupling tensors) 

Let 21 € X. Then we define 

T[% = lll,...,l^}j:=T[ll,...,P in }j M with >h J+i y j G {!,..., n - 1} . ( 3.4.28) 



Note that on the left hand side we suppressed the magnetic quantum number M, which is 
uniquely encoded in the multiset 21 as the sum mi + . . . + m n , for the sake of brevity. The 
definition of T[2l] is motivated by the fact that in many expressions we are free to choose a 
coupling order for the spherical harmonics appearing in the construction. For such cases we 
introduce the convention that always the spherical harmonics of highest degree are coupled 
first. Then the coupling tensor is uniquely characterized by a multiset of indices instead of 
a (ordered) tuple. Note that there seems to be an ambiguity in this prescription, e.g. if we 
consider the multiset 21 = 1+(hmi), +(hm2), — (hmi)'). In this case, it is not clear whether to 
couple +(hmi) before —(hmi) or the other way around. However, in such cases, i.e. whenever 
\ i = L with i < q < j, we may apply the addition theorem of the spherical harmonics, eq. D.2.2, 
and omit the indices if and (j altogether. 

T[lf 1: ..., [?,... ,P j ,...X5\ J = T[lll,.. iik^lj andi<g<j 

Q3A29) 

This solves the apparent ambiguity. Another property to be remarked is that zero entries may 
be dropped from the coupling tensor, i.e. 

T[U1, ...M v If, = rim ■■-,tf_ 1 ,tf +1 ,..., if k = C3A30J 

This may be seen either from the property 

(10 m0\ JM) = 8ji8 M m { 3.4.31) 

of the Clebsch-Gordan coefficients, or from the fact that the coupling of the spherical harmonic 
S'oo(^) = 1 is trivial. Is also follows that 
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Tm)j = S Jh . [3A32] 

Definition 3.9 (Symmetry factor) 



Let s : X — > N be the map defined by 

s[2leZ] = caxd({(ai,...,a n )|£a 1 ,...,a n 5 = a}) , ( 3.4.33) 

where (ai, 02, ... , a n ) denotes (ordered) tuples. Thus, s[2l] is the number of different tuples 
constructed from the elements of 21. 



Remarks: Equivalently, s[2l] may be interpreted as the number of different trees obtained from 



ai a 2 



a ™ ( 3.4.34) 

by permutations of the leaves. An explicit formula for s[2t] is most conveniently obtained if the 
multiset 21 is expressed in terms of a set A and a function / : A — > N (see def. B.l). Then 

fl [a=(A,/)€Z(n)] = ff ^ . ( 3.4.35) 

Definition 3.10 (Prefactors from ladder operators) 



Let f :V ®V ® 1(n) — > M be the map defined by the following property: Given two vectors 
\ v a), \vb) € V, a number n 6 N and a multiset 21 € X h a (n), let 

fa\% = (Vb\ H h t ^ ■ (JAM 

Explicit expressions for /„(2l) can be obtained using eqs. 3.1.11 and 3.1.12. 



Now we are ready to express the zeroth order OPE coefficients in the compact form 
Re sult 3.4.2 (OP£ coefficients (Cp)^) 



Using the notation introduced above, the zeroth order OPE coefficients take the compact form 



(Cot ka (x) 



for g(a, b) > k 

for g(a, 6) + k = odd [ 3 4.37 ) 

E E /a [51] ' Ao[2l] j • Sj(x) ■ r d otherwise ~~ 



Wl 



th 6 



A [2l]j = S [2l]-T[2l]j [ 3.4.38 j 



Remark: Here we also suppressed the magnetic quantum number of the spherical harmonic 
Sjm(x). As in the definition of the coupling tensor T[2t]j, the corresponding number M can 
always be uniquely retrieved from the elements of the multiset 21. 

Proof : Using the graphical notation of section 3.3, we may express the left representative yo(tp k , x) 
by a sum over labeled trees with k leaves. If we take the matrix elements (vb \ ■ \v a ) of this expression, 
then all contributions to this sum which do not transform \v a ) into \vt,) vanish due to orthogonality 
of the basis. Thus, the labels If, . . . , l q k of the k leaves have to satisfy b = a + Yli=i e i q - Further, 

6 This function Ao : I — > N, and also the functions Ai, ... to be defined below, should not be confused with 
the Laplace operator A. 
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recall that the operators corresponding to the leaves of the tree are normal ordered, so the order of 
the labelings does not matter. In other words, we obtain the same result for all permutations of the 
leaves. So instead of summing over all possible tress satisfying the mentioned property, we might as 
well restrict the sum to such trees that can not be transformed into one another by permutations 
of the leaves and multiply by a symmetry factor of the respective tree. These arguments imply the 
equation 



(Cot* a (x) = (v b \ 



E (vt\ 

aei'(fc) 



1 2 k , [ 3. 4.39 j 

since the elements of the multisets in satisfy the desired property, since the order of the entries 

in a multiset does not matter and since the factor s[2l] was defined to be the mentioned symmetry 
factor of the diagram. We found in proposition 3 that the set X„(fc) is empty for g(a,b) > k or 
g(a, b) + k = odd, which implies (Co)^ a (x) — in those cases just as we have claimed in the result. 

Now it remains to translate these diagrams into explicit formulae using the rules of section 3.3. 
To begin with, the action of the ladder operators associated to the leaves of the tree on the vector 
\v a ) gives a numerical prefactor, which by definition 3.10 is denoted by /„[2t]- Further, for each leaf 
we obtain a spherical harmonic whose indices are determined by the label of the leaf. "Coupling" of 
these spherical harmonics, i.e. a decomposition into irreducible parts, yields a factor J2j T[QL] jSj(x). 
It remains to determine the power of r, which by definition is just d = |6| — \a\ — fc/2, so we indeed 
arrive at eq. 3.4.37. 

□ 

With this result at hand, it is an easy task to find the 
Result 3.4.3 (OPE coefficients (Ci)* ) 



Using the right inverse A 1 to solve the differential equation 3.4.2, one obtains 



(Ci)U*) 





E Ef b a m-Sj(x) 



r d Ai[2t,r]j 



for g(a, b) > 5 
for g(a, b) = even 
otherwise 



with 



A 1 [a,r]j = s[Sl]-r[a]jD[da,J 1 r] 
and where D(d, r, J) is defined as in eq. 3.4.16. 



3.4.40 



( 3.4.41) 



Proof : The differential equation to be solved is 



Inserting the concrete form of the zeroth order coefficient, we arrive at the equation 



( 3.4.42 j 



A(Ci)U(z) 



E Y,f b a m-M%}j-Sj(x)-r d otherwise 

v 2lGZ£(5) J 



for g(a, b) > 5 

for g(a, b) + 5 = odd ^ 3.4.43) 



Application of the operator A 1 to the right side of the equation yields (Ci)* n (x) = for g(a, b) > 5 
or g(a, b) = even and otherwise 



{Gi)% a {x)= ]T Y.f h M^mJ-Sj{x)-r d D(d,J,r) 
2iez£(5) J 

Note that in the case at hand d = d<&, so the result is confirmed. 



( 3.4.44) 



□ 
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In summary, we have found explicit expressions for all OPE coefficients of the type (Ci) b . Some 
particularly simple coefficients are tabulated in appendix A. As an illustration of how to obtain 
these expressions from result 3.4.3, we close this section with an example computation. 



Example : We want to determine the OPE coefficient (Ci)% v p v with p, V ^ 0. As a first step, let us 

determine the set I^l 9 v (5). The constraint (v^ : Y[i q <£<^^ > i q '■ \ v a) m the definition of the set 
T a leaves only one allowed multiset, namely 



3 (5) = {2l = ^+(00),+(OQ),+(00),-(QO),+(/W)5} • ( 3.4.45) 

The numerical prefactor /„[2l] is in this case 



ff P +29, ' v [% = £+(00), +(00), +(00), -(00), +(lW)5] = p { 3.4.46) 

because the creation operators do not yield any prefactor, while the action of the annihilation operator 
gives the factor p, i.e. hQ ip p = but t>oo<p p = ptp^^ 1 " 1 . Now we come to Ao[2l, r]j. First, the 

symmetry factor is 



s[a = c +(00),+(00),+(00),-(00),+(/m')3] =5-4 = 20 . [ 3.4.47 ) 

Recall that the product T{$l]jSj(x) resulted from the coupling of five spherical harmonics whose indices 
are the elements of 2t. Since Sqq(x) — 1, we only have one non-trivial spherical harmonic, S l m (x), in 
the case at hand. Thus 

T[a=^+(00),+(00),+(00),-(00),+(/W)5]jSj(£) = S Vm \x) . { 3.4.48) 

The value of d = —sd {Cift^p v of the coefficient is 

d = \ipP +2 d l 'y\ - \<p p \ - \y\ = I 1 + 1 . ( 3.4.49) 

Finally we find 

D[d* = d = V + 1, J = l',r] = / + , ( 3.4.50) 
which gives the total result (see also appendix A) 

{Cl )C dl * = WpJ2s lm (3 ; y+ 1 - r ^ . [Jam) 
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3.4.2 Construction of x ) 

According to our algorithm of section 3.2, it is now possible to construct all first order left 
representatives yi{\v a ) ,x) (and thus the complete quantum field theory at first perturbation 
order) just from y\(ip,x) by application of the associativity condition. In this section we take 
the first step into this direction by constructing the left representative yi(ip 2 ,x). As we will 
see in the following, this task turns out to be comparably simple, as no "renormalization" is 
needed at this stage in our toy model. More serious calculational effort will be needed in the 
next section. 

The relation between yi(tp, x), which is known from the previous section, and the desired left 
representative y\(ip 2 ,x), is 



yi(<p 2 



lim 



3^0, y)yi(v, x ) + y\{f, y)yo(<p, x) 



M<¥> 2 



(x - y)y (\v e ),x) 



[ 3.4.52 J 

which is just eq. 3.2.13 at first order expressed in terms of left representatives. Let us take 
a closer look at the counterterms, i.e. the expressions subtracted on the right side. The fact 
that {Ci) b ipa vanishes for g(a,b) =even together with the restriction |e| < \(p 2 \ suggests that 

2 

only the terms including (Ci)^(x — y) or (Ci)^(a; — y) survive the limit. Due to the specific 
form of y\{<f>i x) from the previous section, however, these matrix elements, or OPE coefficients, 
both vanish, see eq. 3.4.40 (the set 2^(5) is empty in those cases) or table A. The absence of 
counterterms from eq. 3.4.52 implies that the remaining expressions are finite, so we may simply 
perform the limit and write 



yi(ip 2 ,x) = y (<p,x)yi((p,x) + yi(<p,x)y {<p,x). 

In our diagrammatic notation of section 3.3 this equation takes the form 



( 3.4.53J 



x x 




{ 3.4.54) 



where again summation over all combinations of labels for the leaves is understood. 

Let us investigate this expression more closely and try to understand why no counterterms 
are necessary. As could be seen in section 3.2.2, infinities occur whenever infinite sums over a 
product of the form hi m hj m are performed, i.e., diagrammatically speaking, whenever the indices 
of two leaves are contracted, with the leave on the right corresponding to a creation operator. 
In the free theory computations we then made use of the identity bj m bf = b]_bj m + id, which 
follows from the commutation relation 3.1.14, to separate these expressions into a normal 
ordered (finite) part and a divergent part. We then saw that this divergent part precisely 
cancels with the counterterms, which suggests that the renormalization procedure is equivalent 
to normal ordering. Obviously, it would be convenient to carry over this approach to the first 
order calculations and to include also the sixth operator in the above diagrams into the normal 
ordering process. However, since no counterterms are present in eq. 3.4.53, it is not clear what 
to make of the terms which are neglected if we demand normal ordering. As it turns out, the 
infinite parts of these extra terms cancel out, but there is a finite remainder, which we call 
(Ri) v 2. Introducing the 
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Definition 3.11 (Additional grading of left representatives) 



By y n (\v a ), x; d, q) we denote the contribution to y n (\v a ), x; d) comprised ofqGN annihilation 
operators. 



we obtain 

Result 3.4.4 (Left representative yi(<p 2 ,x) in normal ordered form) 



Using the left representative yi(ip, x ) given in the previous section, one obtains 

yi(ip 2 ,x) = ■. y 1 (ip,x)y (ip,x) •. + : y ((p,x)y 1 (ip,x) •. +(R 1 ) tp 2(x) , - , 

=2 : y 1 (ip,x)y (if,x) : +(R 1 )^(x) = 2 : y (i P ,x)y 1 (<p, x) : +{Rl)^{x) [ ~— J 
with (R\) (p 2(x) £ Y(x) given by 

4 oo oo 

(Ri) tp 2(x) :=5^ Yl J2 rd+1S i m W y °&\x;d,q) jm (Ri)^(d,j,q,r) { 3.4.56) 

<jr=0 d=— oo j=0 

where 



(R 1 )Mj,q£{0,4},r)=0 , { 3.4.57) 



M+2|-l 

(i?i)^(d,i,ge{l,3},r):= Yl ' 

1=0 



g (iW0|J0) 2 



(l _| d + 2 |)(Z-|d+2| + l)- J(J + 1) 

h dcnom.j^Q 



■ / , on 6' ^ \d + 21 - 1 - l\ . 
+ sign(ci + 2) ( q Q ' ' Jlogr 

f3A58) 

and 

|d+2|-l . . . 

(i? 1 V(d,i,g = 2,r):=i? (9=2) (d,i,r) + sign(d + 2)logr ^ (J J |d + 2|-l-Z\ 



[3A59] 

Here R( q =2)(d, j,r) is a hnite, real valued function dehned below in eq. G.1.22. 



By sign(x) we denote the sign function 



-1 ifx<0 



sign(x) = { if x = . ( 3.4.60) 

1 if x > 



Proof : As mentioned above, we want to exploit the commutation relations of the ladder operators 
to bring the operators in eq. 3.4.54 into normal order. This is trivial, unless we have to switch the 
order of a pair of the form b im bj m . Since the operators associated to the left representative 3^i(</?, x) 
are already normal ordered (see section 3.4.1), only the two diagrams 
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x x 




t I t I fsXel) 

contain expressions of this kind (recall from chapter 3.3 that the arrows denote contraction). Here 
we have to apply b; m b| m = bj m b; m + id and obtain in addition to the normal ordered products 
a sum where the two contracted operators are replaced by the identity. In diagrams, this may be 
written as (recall that dashed lines denote replacement of the corresponding ladder operators with 
the identity) 



rp Y' ' V' Y' ' Y' ' V' 

<l ' tAj tAj tij ' I tXj 




( 3.4.62) 

This formula is exactly equivalent to the first line of eq. 3.4.55 if we define (i?i) v 2 to be equal to the 
two diagrams including the dashed contractions. The second line of eq. 3.4.55 simply follows from 
the fact that the order of ladder operators inside normal ordering signs does not matter, so the two 
normal ordered diagrams in the equation above are in fact equal. The equation above may also be 
written in terms of the left representatives as 

yo(f,x)y 1 (ifi,x) + y 1 ((p,x)y Q (ip,x)^ ■. y (if,x)y 1 (ip,x) ■. + ■. y 1 (ip,x)y (Lp,x) ■. 

i 1 i 1 ( 3.4.63) 

+ yo(<p, x)yi(ip,x) + y 1 ((p,x)y ((f,x) 

where the line connecting the left representatives denotes contraction: 
Definition 3.12 (Contraction of left representatives) 

The commutators 

[yo(<P,x)M\v a ),y)] ^y ^,x)y n (\v a }, y ) ( 3.4.64) 

and 

[^n(ka),2/),% + (^^)] =y n {\v a ),v)yo{v>,x) { 3.4.65) 

are called "contractions" of the left representatives yo(ip, x) and y n (\v a ), y), where y o (ip, x) is the part 
of yo(^p,x) containing only creation (+) or only annihilation (— ) operators. 

It remains to determine (R\) v i. This rather involved computation can be found in appendix G. 

□ 

To sum up the results of the above discussion, we have most importantly verified that in ac- 
cordance with eq. 3.4.53 no subtraction of counterterms is needed in order to cure possible 
divergences in the calculation of yi(ip 2 ,x). Further we have succeeded in writing yi((p 2 ,x) 
purely in terms of normal ordered expressions. As we will see in the following, this is partic- 
ularly helpful in the calculation of matrix elements of this left representative, since no infinite 
sums have to be performed. 

We conclude this section with explicit results for OPE coefficients obtained from the left 
representative yi((p 2 ,x) by taking the according matrix elements. Again it is helpful to introduce 
some additional notation in order to keep equations short. 
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Definition 3.13 (Partitions of multisets) 



By Vi j (21) we denote the set of partitions of any multiset 21 of cardinality i + j into two 
submultisets of cardinalty i and j respectively, whose sum is 21, i.e. 

Vi,j [21 = la 1: . . . , a l+J l\ = {<Px = [a ni , . . . , a n J, «p 2 = £a ni+1 , . . . , a n . + ._$ | *Pi W <p 2 = 2t} 

( 3.4.66) 



Re sult 3.4.5 (OPff coefficients (Ci)° 3a ) 



The matrix elements of the left representative yi(tp 2 ,x) given in result 3.4.4 are 



and otherwise 



[Ci) b 2 a {x) = for g{a, b) > 6 or fif(a, b) = odd or g{a, b) = ( 3.4.67) 



„d 



with 



{Ci%2 a {x)=2 Y, E Y fam^l[^A^z]j,T[Ji,J2]jSj{x)r 
ae2*(6)7> 5 ,iP<] J > J i' J 2 

+ E E^[^ A i^ 58 ' r ^-^)- rd f3A68) 



A 1 [^ 2 ,2l = ^?,...,[^,r] J := S [2l] • T[2l] j (i?i). 2 [d a - 3/2, J, r] . ( 3.4.69) 



Proof : The first two statements, i.e. vanishing of the OPE coefficient for g(a, b) > 6 and g(a, b) =odd, 
follow simply from proposition 3. For the remaining values of g(a, b) we first note that 




2(v b \ : y 1 {( P ,x)y ((p,x) : \v a ) =2{v b \ 

x { 3.4.70) 

= 2 E E M : / >)k :k>-»[5PJ«[9»2] 



aei'Ce)^,!^] 



^ 2 q?i 



Here the second equality holds for the following reasons: For the matrix element not to vanish, the 
labels of the six leaves above have to be in 2^(6) by definition, which explains the first sum on the 
right side. Now we have to attach five of those labels to leaves entering the vertex, and one to the 
leaf directly connected to the root. Therefore, we split the multiset 21 into two submultiset: The 
multiset ?Pi of cardinality 5 and the multiset ^2 of cardinality 1. The labels in *Pi are then attached 
to the five leaves entering the vertex in any order and we have to multiply by the symmetry factor 
s[ySi] in order to account for all the diagrams that may be obtained by permutations of those five 
leaves. Analogously, we attach the one label in ^2 to the remaining leaf and multiply by s[*P2], 
obtaining the right side of the equation above. 

Now it remains to translate the diagram into a formula. Again the numerical factor obtained from 
the action of the six ladder operators on \v a ) is denoted by /a [21]. Further, coupling of the five spher- 
ical harmonics associated to the leaves entering the vertex gives a factor of Y^j T[^jii\j 1 Sj 1 (x). The 
remaining leaf contributes one additional spherical harmonic, which we write as X)j 2 ^PPz] j 2 Sj 2 (x). 
Coupling these two contributions then yields the factor 

J2j ^ j 2 T[^i]j 1 T[^2]j 2 T[Ji, J2]jSj(x). The vertex in the diagram gives an additional factor 
D[d<^ 1 , Ji,r] and the overall scaling degree is again by definition d. In summary, we have found 
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2(Ufc| : yi((fi,x)y (ip,x) : \v a ) = 

2 E E /ftaMVi] »PPa] E r[9»i]j i r[5p a ] j!i r[J 1 ,J a ] J S' J (x)i?[d,p 1 ,J 1 ,r]r d C 3 - 4 - 71 ) 
stez»(6)7> 5 ,i[st] J,Ji,J 2 

Recalling the definitions of Ao[2l] j and Ai[2l, r]j, we indeed verify the first line of eq. 3.4.68. 
Now consider the contribution from the remainder term. Here we find 



in 



1(^)^2 (x)\v a ) = J2{Ri)A d - !. J > 1, r)Sj(x) r d ■ (v b \y (<p\ x;d- l,q)j\v a ) 



where in the first equality eq. 3.4.56 was used. The second equality follows from result 3.4.3 and 
from the dimensional analysis 



d-l = -«d(C 1 )^ -l = |6|-|o|-2 ( 3.4.73) 

and 

d* = -sd{C i ) b tpa = \b\-\a\- 1/2 for 21 e 2 b a (n) { 3.4.74) 

This confirms eq. 3.4.68. 

To finish the proof we have to show that the OPE coefficient vanishes for g(a, b) = 0, i.e. for 
a = b. We start the computation in the first line of eq. 3.4.68 and want to determine the set 
of multisets 2^(6). The condition a = a + Y^=i e i q restricts the multisets in I"(6) to the form 
21 = 1+(hmi), —(hmi), . . . , +(131113), -((3)713)]. Hence, the submultisets are either of the form 

<Pi = l+(limi),-(limi),+(ljmj),-(ljmj),+(lkm k )5 and *p 2 = l-(l k m k )^ ( 3.4.75) 

or 



<Pi = l+{krrH),-(hrrH),+(ljTnj),-(ljmj),-(lkmk)^ and *p 2 = l+(hmk)5 { 3.4.76 J 

with i, j, k € {1, 2, 3}. For the first case, we obtain 



A 1 [^ 1 ,r}j l A mj 2 T[J 1 ,J 2 }jSj(x) = s[^}^- [T477) 

Here no spherical harmonics and coupling tensors appear, as we may simply apply the addition 
theorem three times. Further we used the fact that 

D[d Vl =l k ,J 1 = l k ,r} = 7 ^_ ( 3.4.78) 

Similarly, we find for the second type of decomposition, eq. 3.4.76, that 



£ A 1 [^ 11 r] Jl A [^ 2 ] j2 T[J ll J 2 ] J Sj(x) = - S [^ 1 ]-^- , [3AJ9 ) 

where again we applied the addition theorem of the spherical harmonics and where we used 

D[d Vl =-l k -l,J 1 = l k ,r} = -^_ _ ( 3.4.80) 

Thus, the contributions from the two decompositions of any multiset 21 € 2^(6) cancel each other, 
implying that the first line in eq. 3.4.68 vanishes. 
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It remains to consider the contribution from the remainder term. Here the multisets 03 £ X" (4) are 
restricted to be of the form 03 = £+(Zimi), — (hmx), +(£2^2), — (h^)^, which implies d<s = —1/2 
and J = 0. However, it follows from eqs. 3.4.59 and G.1.22 that 

{Rl)^{d^ -3/2 = -2, J = 0,r;g = 2) =0 ( 3.4.8l) 

which follows from inspection of the summation limits in those expression. Therefore, we also have 
Ai[</> 2 , 03, r]j = for all 03 £ Xa(4), so the second line of eq. 3.4.68 vanishes as well. Hence, we have 
found that {d)% a {x) = 0. 

□ 

Again we compute a specific example OPE coefficient in order to illustrate the application of 
result 3.4.5. 

Example: Consider the coefficient (Ci)^ 2 p+3g i for I ^ 0. We start with the determination of the 
multisets in X^ p+ad ,^(6). Again this set consists of only one element 

z£+3 8 .»,(6) = i a = MOO), -(00), -(00), -(00), +(00), -(lm) j} ( 3.4.82) 

The numerical prefactor then becomes 

/^ + 3 av [2t] = b + 3)(p + 2)(p + l)p=|±|j . [3A83) 

Since all zero entries in the coupling tensors T may be dropped, only the product T[—(lm)]jSj(x) — 
Si m {x) remains in the case at hand (equivalently, the coupling of Soo ■ ■ • SooSjm — Sim)- The multiset 
21 may be split into two submultisets of cardinality 5 and I in three different ways: 



Via = £-(00), -(00), -(00), +(00), -{lm)] <p 2a = £-(00)] 
Vit = £-(00), -(00), -(00), -(00), -(lm)') 03 2b = £+(00) J 
Vic = £-(00), -(00), -(00), -(00), +(00)] <p 2c = £-(Zm)] ( 3.4.84) 

As the second multiset only contains one element, its symmetry factor s[03 2 ] is always 1. For the other 
multisets we obtain 



«PPi»] = 20 ( 3.4.85) 

spPi,,] = s[<Pi c ] = 5 . ( 3.4.86) 

It remains to determine the factors 



^=-i-2,J=Z,r] = ^- i5 
=-/-3, J = l,r] ' 



4Z + 6) 

D[% le = -2,J = 0,r] = ^ ( 3.4.87J 

p3.4.88) 



and the power of r 



d= 1^1 - \<p p+3 d l <p\ - |^ 2 | = -Z-3 . ( 3.4.89) 

This finishes the discussion of the contribution from the first line of eq. 3.4.68. In the second line we 
find again only one allowed multiset 

< + a av (4) = {03 = £-(00),-(00),-(00),-(/m)H • f3A90) 
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Note, however, that all indices in this multiset correspond to annihiliation operators (i.e. they have a 
negative sign), so we have to determine remainder terms of the form (Ri) ip 2(d<s — 3/2, J = l,q — 4), 
which vanish by eq. 3.4.57. 

Putting all the pieces together (recall also the factor 2 in eq. 3.4.68), we arrive at the result 
in accordance with appendix A. 



3.4.3 Construction of x ) 

In the previous section we were able to perform the first iteration step at next to leading order, 
i.e. we constructed yi(/p 2 ,x) out of y\(ip,x) and yo(ip,x), without the need to subtract any 
counterterms, see eq. 3.4.52. The first true example of our analog of renormalization will be 
encountered in the present section. The iteration step yielding yi(ip 3 ,x) is expressed by the 
formula (see 3.2.15) 



lim 



y (<p, x)y 1 (^ 2 , y ) + y x (<p, x)y (<p 2 , y ) - (Ci)£ 2 v ( x - y )y (^, x) 

-(Co) J, 9 {x - y)yi(<p, x) - (c )p;(x - y)yi(<pi m , x) 



3.4.92) 



Here the expressions (assuming x,y collinear and \x\ > \y\) 



(Ci)^(x-y) = 201og|x-y| =20 



log |x| + log (1—7^7 

\x\ 



{ 3.4.93) 



(c )£ 2 ( x -y) = r ?— (Jam) 

f f \x — y\ 

are divergent in the limit y —* x. Therefore in our analysis of the first two summands on the 
right side of eq. 3.4.92 we have to find terms that precisely cancel these infinities, and the 
remaining expressions should then be finite. This procedure might be interpreted as a sort 
of renormalization of the products 3 ; o( ( / 7 ; x)yi((p 2 , y) and yi(<p, x)yo((f 2 , y). Note that the two 
counterterms have different divergent behavior: Polynomial and logarithmic. We have already 
encountered polynomial counterterms in our constructions at zeroth order, and we will see in the 
following that indeed the polynomial divergences of the present section are very closely related 
to those of the free theory computations. The logarithmic counterterm, however, is a completely 
new feature at first perturbation order, and it will turn out to be considerably more complicated 
to find the corresponding expressions in eq. 3.4.92 canceling this term. 

Our plan for this section is the following: As in previous calculations, it is the aim to write 
yi(tp 3 , x) as a normal ordered product of left representatives plus some finite remainder (i?i)„3, 
simliar to eq. 3.4.55. Basically, the procedure is analogous to the yi(ip 2 ,x) case: We exploit the 
commutation relations for the ladder operators, eq. 3.1.14, to bring all expressions into normal 
order, picking up additional terms whenever we have to exchange the order of a creation and 
annihilation operator with the same index. These additional terms include infinite sums, whose 
divergent behavior has to be analyzed. In contrast to the previous section, we expect these 
sums to be divergent in the limit y — > x. This divergence should be cured by the subtraction 
of the counterterms, see eq. 3.4.94. Hence, the above mentioned remainder (i2i)„3 is precisely 
the difference of the additional terms we pick up in the process of bringing all expressions into 
normal order, and the counterterms, where we take the limit y — ► x. The section is again con- 
cluded by a discussion of the OPE coefficients obtained from 3^i(<^ 3 , x) by taking matrix elements. 



To begin with, we present 
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Result 3.4.6 (Left representative y-i_(<p 3 ,x) in normal ordered form) 



y!(ip 3 ,x) = 3 : y 1 ( i p,x)y ((p 2 ,x) : +3 : y Q {ip,x){R x )^{x) : +{Rl)A x ) [ 3.4.95) 



where 



{Rx)«p(x) = 20 lim 



X 



\og\x - y\y (cp 3 ,x) 



lim 



}b(¥>, x)y (ip, y)yi(<p, y) + yo(<p, x)yi(<p, y)yo(<p, y) + yi(<p, x)y (<p, y)yo(p, y) 
201og\x-y\y {cp 3 ,x) 



[ 3.4.96J 



Proof : Starting at eq. 3.4.92, we can bring yi(ip 3 ,x) into the desired form simply by applying the 
results of the previous chapters, and without the need to perform any new calculations. This can 
be seen from the following observations: First, we substitute eq. 3.4.55 for the left representative 
yi(<f 2 ,x) into eq. 3.4.92, obtaining 



y 1 (< P 3 ,x) = lim y ( v ,x)2:y 1 (<p,y)y (<p, y ) :+y (f 7 x)(R 1 ) ip 2(y) + y 1 (^,x) :y {<p,y)yo{<P,y) 

y—>x L 

9 

<Pln 



x-y 



-y 1 ( l p,x)-20log\x-y\y ( ( p 6 ,x)-(C )^{x-y)y 1 ( V > lm ,x) 



( 3.4.97) 



Now let us try to bring the operators in the first line of this equation into normal order. For the 
first term we find 



2 lim 

y—>x 



y (<P,x) -.yifavWofav): =2:y 1 ( V ,x)y ( V 2 ,x) 



+2 lim 

y^x 



yo(v>, x)yi((p, y)y (v>, y) + yo(<p, x)yi(<p, y)yo(<p, y) 



{ 3.4.98) 



where we have already performed the limit in the (finite) normal ordered term. Similarly, we may 
write the last term in the first line of eq. 3.4.97 as 



lim 

y—>x 



y x fax) :y (<P 2 ,y) 



y 1 fax)y a (i P \x) 
i 1 



- lim 

y—>x 



23M^, x)y ((p, y)y (<p, y) + yi(v, x)y fa v)y (<p, v) 



{ 3.4.99) 



Finally, remembering the definition of the remainder term (i?i)„2, eq. G.l.l, the last remaining 
term in the first line of eq. 3.4.97 may be put into the form 



lim 

x— >y 



i 1 

y Q (ip,x)(Ri) v 2(y) =: y ((p,x)(Ri) lp 2(x) : + lim.y ((p,x)(Ri) lf) 2(y) 



i 1- 



y (ip,x)(Ri)p»(x) ■. + lim y (ip, x)y (ip, y)yi(y>, y) + yofa, x)yi(ip, y)yo(v, y) 

y—>x 



{ 3.4.100) 
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Now recall from our construction of the free theory left representatives, in particular from the 
computation of yo(ip 2 ,x) in section 3.2.2, that 



lim y (!p,x)y (^ y) = lim . { 3.4.101) 



which implies for the last summand in eq. 3.4.98 



1 



2]imy (ip,x)y 1 (ip,y)y (i P ,y) = 2 1im ^i(^y). 3.4.102 

y— >x y^x X — y 



A Taylor expansion of yi(tp,y) around x shows that this contribution cancels with the polynomial 
counterterms in the second line of eq. 3.4.92. Furthermore, we can write the sum of the remaining 
expressions with one contraction as 



n i 1 

2 lim ' 



y (<P, x)yx{v, y)y (<p, y) + y^, x)y Q { v , y)y { v , y ) = 2 : y Q &, x^r^x) ■. { 3.4.103) 



where the definition of the remainder (R\) v 2 has been used. Thus, if we plug eqs. 3.4.98, 3.4.99 
and 3.4.100 into eq. 3.4.97 and further use the two identities above, we end up with result 3.4.6 as 
claimed. 

□ 



The first two terms in eq. 3.4.95 are known, so it remains to find an explicit formula for the 
new remainder term (i?i)„3. Unfortunately, we have not been able to determine this operator 
completely, but we have found the following partial results. 
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Result 3.4.7 (The remainder operator (R-^)^) 



Let 



3 oo oo 

(Ri)^( x ) = ^2 S ^ rdS 3rn(x)y (ip z ,x]d,q) jm (Ri) v 3(d,j,q]r) 

q=0 d=—oo j=0 



[ 3.4.104) 



Then 



(R 1 ) ip3 (d,j,q = 0;r) = 201ogr 



l+l'<d 
£ ^(j/OOlJxO) 

l,l'=0 Ji 



2 (Jl I' d-l-V 





/\ 2 



Ji +d-l 



07oo|JiO) 2 (Jir oo|j 2 o) 



" 20 S 2 +2 2 2 ! ( / + // _ c/ — 1 1 ( / + /'-,/> - ./,(./,, -i- 1 ) 

■h-h \ 1,1' 1=0 l'=d+l~l I y A £\ z \ 

M 1: M 2 \l+l'<d 

vr ^ ^ r(fc + i)r(j - k + i)r(^+t2fc _// + i)r( d+J '- 2fc+3 ) 



dcnom.y^O 



k=0 l'=0 



X L 5 



1, d + j - 2fc + | , d - k + I, d + j - k + 2, 



d+j-2k-l' _|_ rf+j-2fc+/'+3 



d + j - 2A;+ §,d- k + 2,d + j - k + |, 



5 ri+j-2fc-£'+3 d+j-2k+l' 



+ 2 



( 3.4.105) 



and 



(fl 1 U(-d-3,i,5 = 3;r) = -201ogr 







Ji+d-i 
d 2 



f 2 \l + l'<d 

j (j-2k+d)/2 



i,i'=0 Ji 

0700|JiO) 2 (Ji/' 00|J 2 0) 2 



Ji.^2 \ Z=0 l'=d+l-l 

Ml,M 2 \i+;'<d 



(/ + V - d - l)(l + V - d) - J 2 {J 2 + 1) 



denom.y^O 



io ^ w '- r(fc + |)r(j - + i)r( d+J "- 2fc+1 - Qr(^±4^ + 1) 
^ ^ r(fc + i)r(j - k + i)r(^±4p^ - y + i)r( ^~ 2fc+3 ) 



x L 5 



l,d + j -2fc + §,d - fc + §,d + j - fc + 2, d +'- 2 *-'' + 1, d+j ~ 2fc+ ''+ 3 



d + j - 2/c + |,d- k + 2,d + j - A; + §, 



5 rf+j-2fc-l'+3 d+j-2k+V 



+ 2 



3.4.106) 



where L5 is the 12012 diverg , e22t part of the hypergeometric series 6-F5, see eq. C.7. 



The derivation of this result can be found in appendix G. Remark: For d = j = we obtain the 
simple results 



(R 1 ) ip3 (d = 0,j =0,g = 0,r) = 

(iii)^ (d = -3, j = 0, <? = 3, r) = -40 log r 



[ 3.4.107) 
( 3.4.108) 



This may be seen as follows: The second line in eqs. 3.4.105 and 3.4.106 does not give any 
contribution in the case at hand, since for I = I' = the denominator in the summand would 
vanish. Further, for L5, i.e. the hnite part of the hypergemetric series, we find (for d = j = 0) 
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lim 6 F 5 



1 5 3 n i 3 
x i 2 ' 2 ' ' ' 2 . 

3 2,1 J, 2 



lira 2-^1 



1,1 



1 - e = lim ( 3.4.109) 

2 ' ^' 2 ' 2 ' ■' ' _ " 

Since there is no finite contribution to this hypergeometric series, we have L5 = in the case 
at hand. Concerning the logarithmic contribution, we derive the results given above using 
(0000|00) = 1. 

It remains to determine the operators (Ri) ip a(x; q = 1) and (Ri) lp a(x;q = 2). Unfortunately, 
in this case we have neither been able to find a closed form expression, nor have we been able to 
verify the cancellation of infinities. The additional difficulty here is due to the lack of relations 
like d > j or —d — 3 > j, which were a result of the fact that the three ladder operators in 
(i?i)„3 (x, q = 0) and (Ri)^ (x, q = 3) were either all creators, or all annihilators. Thus, we can 
not use the simplifications discussed in appendix F. 

The end of this section is again devoted to matrix elements of the left representative y± (ip 5 , x) , 
i.e. to OPE coefficients of the form (Ci) 6 3(j . 

b 



Result 3.4.8 {OPE coefficients (Ci)^ 3 J 



The matrix elements of the left representative yi(ip 3 , x) given in result 3.4.6 are 
(Cl)^3 a {x) = for g(a, b) > 7 or g(a, b) = even 

and 



3.4.110) 



(Ci)'3 a (*)=3 J2 E E faMM^rUMyiunJuJihSjix)^ 

2iex^(7)P 5 ,2[a] J,Ji,J2 
+ 3 E E E /a[®]Aib 2 ,^ 1 ,r] Jl Ao[*p 2 ]j 2 r[J 1 ,J 2 ] J1 S J ( 

<BeX*(5)P4,i[ ( 8] J,-h,-h 

+ E E*] A i[^^ r ]^^)^ d 

<feJ£(3) J 

for g(a,b) > 1, with 

A l [i/,% = lf l MMl]j := 8[X\'T[&\j{Ri)^[da-l,J,q,r] . 



x) ■ r 



{ 3.4.111J 



[ 3.4.112J 



Remark: The family of coefficients with g(a, b) = 1 is not considered here, since all these coeffi- 
cients necessarily involve contributions from remainder terms {R\) ip 3{x, q = 1) or {R\) ip i{x,q = 
2), which are unknown as mentioned above. 

Proof : The argumentation here is basically the same as in the previous section. Eq. 3.4.110 is just a 
consequence of proposition 3. Eq. 3.4.111 may be derived analogously to eq. 3.4.68 of the previous 
section, so we will discuss it only briefly. In the first line the only difference is that the submultiset 
^P 2 now has cardinality 2. This is due to the fact that in the case at hand we have one additional 
power of 3^o (Vj x )j so we sum over diagrams of the form 



x 




The additional leaf directly attached to the root is the cause of the additional element in The 
second line of the result accounts for the contribution from the product 3 : (Ri) v 2 (x)y (<p, x) :. In 
total this product consists of 5 ladder operators, so we have to sum over all multisets <8 e 2^(5). Then 
these multisets are split into a submultiset of cardinality 4, which is associated to the contribution 
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Aj from the remainder operator, and a submultiset of cardinality 1, which is the argument of the 
contribution Ao from the zeroth order term. Coupling all spherical harmonics, we obtain the second 
line of eq. 3.4.111. The third line of that equation follows if we insert eq. 3.4.104 for the remainder 
operator and use result 3.4.2 in order to determine the matrix elements of this expression. 

□ 

3.4.4 Construction of yi{f A , x) 

Next in line is the left representative 3^i(y 4 , x), which can be determined from known expressions 
by the formula (see 3.2.16) 



lim 

y-*x L 



y {<p, x)y l {^, y ) + y^ip, x)y ^ 3 , y ) - (ci)£, v {x - y)y (v>\ x) 



-(Cif.Ax - y)y (v?,x) - (CtZf^ix - y)y ( V <pt m ,x) 



iC )£jx - y)y 1 (i P 2 ,x) - (Co)^(x - y)y 1 ( Wlm ,x) 



3.4.114) 



The counterterms here take the values (see appendix A) 



(Ci)^ 3 ^(x - y) = 601og|x-y| 
(C 1 )£ ip (x-y) = [(R 1 ) (p3 (x-y)]g 
(C 1 )lf^(x-y) = [(R 1 ) (p3 (x-y)}^ 

^ 2 



(C f v3ip (x-y) 



y\ 



[ 3.4.115) 
( 3.4.116) 
( 3.4.117) 

( 3.4.118) 



Recall that we have not found results for the OPE coefficients (Ci) 3q with g(a,b) = 1, so the 
two coefficients in eqs. 3.4.116 and 3.4.117 are unknown. Clearly this is a problem if one wants 
to determine 3^i(y 4 , x) completely. However, in this section our modest aim is to determine only 
the contribution acting by more than two ladder operators. As we shall see below, this can be 
achieved without knowledge of the mentioned counterterms. 

By now the general procedure should be familiar: We exploit the commutation relations of 
the ladder operators (and possibly results of the previous sections as shortcuts) to bring the 
desired left representative into the form 

Result 3.4.9 {Left representative y-i_(<p 4 ,x) in normal ordered form) 



3M</,x) =4 : y 1 (i P ,x)y Q (i P 3 ,x) : +6 : {Ri)^(x)y ((p 2 ,x) 
+4 : (R 1 ) (p3 (x)y {<p,x) : +(R 1 ) v t(x) 



[ 3.4.119) 



where 



E 



i i I i 1 

(Ri) v i(x) = lim y 1 (ip,x)y (ip, y )yo(^p,y)yo(ip,y) +y ((p,x)(R 1 ) tp 3(y) 

* ■ v-** L r [ 3.4.120 J 

-(d)^ v (x - y)y (<P 2 ,x) - {C x )^{x - ^o(TO m , x) 



Remark: According to the scheme outlined in section 3.2 all matrix elements of {Ri) Lp 4{x) should 
be finite. It should be noted that we have not been able to check this convergence in this thesis. 
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Proof : The shortest way to this result is again to first substitute JM^ 3 , x ) m the form of eq. 3.4.95 
into eq. 3.4.114. 



3M</,x) = lim 3y (p,x) : y ( V 2 ,y)y 1 ( l p,y) : +3y (cp,x) : y {cp,y)(Ri)^(y) : 



-(Ci);riT(x - 2/)%(wi™,x) - (C )^3 „(z - 2/)3M^V) " (Co)^^ - y)y 1 ( Wlm ,x) 



3.4.121) 



Now let us bring all expressions with a positive sign in this equation into normal order: 



3 lim 

y—>X 



y (<p,x) :y 1 ( l p,y)y (cp 2 ,y) : = 3 : y^tp, x)y (<p 3 ,x) : 



+3 lim 

y^x 



I 1 



yo{f,x)y 1 {ip,y)y (^,y) ■. +2 : y a (i P ,x)y 1 (^,y)y (^y)yo(^y) 



{ 3.4.122) 



lim 

y—tx 



y 1 (i P ,x)y (i P 3 ,y)\ =-.y 1 (<p,x)y (< P 3 ,x) ■. + lim [3 : y 1 (!p,x)y ^,y)y (i P 2 ,y) 

J y^x L 



=i I 



+3 : y 1 (ip,x)y (ip,y)y (^,y)yo(^,y) ■ +yi(v,x)y (ip,y)yo((p,y)y (<p,y) 



{ 3.4.123) 



3 lim 

x^y 



y (v,x) : y {<p,y){Ri)Av) : J = 3 : y*{v ,x){R±)A x ) 

1 1 



-3 lim 

y^x 



yo( l P,x)yo( l P,y)(Ri) v > 2 (y)+ ■ yo( t P,x)y (ip,y)(R 1 ) ip 2(y) 



{ 3.4.124) 



lim 

y— >x 



yofaxXRi^y) =:y (Lp,x)(R 1 ) tp s(x) : + Km y (!p,x)(R^ 3 (y) [ 3.4.125) 

y^x r 



Many of the contracted operator products in these equations have already been analysed in the 
previous chapters. To begin with, recall from 3.4.101 



lim y (tp, x)y (ip, y) = lim 



y— >z 



y^x x — y 



{ 3.4.126) 



which appears in eq. 3.4.122 and eq. 3.4.124. With the definitions of (i?i) v 2 and yi(ip 2 , x), see eqs. 
G.l.l and 3.4.55, it follows that 



3 lim 

y—>x 



2 : y (cp, x)y 1 (<p, y)y (<p, y)y (<P, V) ■ x)y {<p, y)(Ri) v *(y) 



= lim (e : yi(^y)yo(^y) ■■ +a(Ri)^(v))-^— = Km -^—y^ 2 ^) 

y-^x \ J x ~ y y^x x — y 



{ 3.4.127) 



which cancels with the polynomial counterterms in the last line of eq. 3.4.114 after a Taylor expansion 
in y around x. Further we find for the sum of the products with one contraction in eqs. 3.4.122 and 
3.4.123 



3 lim 

y—tx 



y (!p,x)y 1 (^y)y a (i P 2 ,y) : + : y 1 ^,x)y (^y)y (cp 2 ,y) : 1 = 3 : JV^xHi?!)^) : 



( 3.4.128) 
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where we again applied the results of section 3.4.2. Remembering the definition of (Ri)^, 3.4.96, 
we find for the following expressions from eqs. 3.4.123 and 3.4.124 



i 

3 lim 



3 : y (ip,x)(R 1 ) v 3(x) : +60y (ip 4 ,x) lim log \x - y\ . 



[ 3.4.129) 



y^x 



Here the divergence cancels with the logarithmic counterterm 3.4.115. We have now dealt with all 
divergent expressions in eqs. 3.4.122- 3.4.125, except for the products including three contractions 
in eq. 3.4.123 and the contraction with the remainder term (Ri) v 3 in eq. 3.4.125 (which is essen- 
tially also a threefold contraction, since (Ri) v a itself includes two contractions). Further, the only 
remaining counterterms are the ones in the second line of eq. 3.4.114. Thus, we have found 



I ; ==i I i 1 

(Rl) v *(x) = lim y 1 (ip,x)y ((p,y)y ((p,y)y (v,y) + ya{^,x)(R 1 ) ip3 (y) 

[ 3.4.130 ) 



y^x 



and we may verify eq. 3.4.119 by insertion of the above results into eq. 3.4.121. 

□ 

Although we do not determine the concrete form of the new remainder term (i?i)„4 in this 
thesis, results for a wide class of OPE coefficients (Ci) 4q can be obtained. Namely 

Re sult 3.4.10 (OPE coefficients (CQ^J 



The matrix elements of the left representative 3^i(v 4 , %) presented in result 3.4.9 are 

(C?i)^4 a (x) = for g(a, b) > 8 or g(a, b) = odd [ 3.4.131) 

and 



(x) r d 



(d)^ a (x)=4 E E /a[a]A 1 [*p 1 ,r]j 1 Ao[?P2]j a T[J lj J 2 ] J 5 J ( 

+ 6 E E E /S[»]Ai[^ 2 ,?Px > r] Jl A [?P2]j a r[Ji,J 2 ] J 5' J (ic) 

<B£Xi (6)^4,2 [95] J,Jl,J2 

+ 4 E E E fl[£]Hv\^r]ji^W*UT[Ji,J2]jSj{ 



.r ) ■ r d 



[ 3.4.132 J 

for g(a,b) > 2. 



Remark: The remaining classes of coefficients, namely (Ci) 6 4fe with g(a, b) = 2 and g(a, b) = 0, 
include contributions from (Ri)^ and are thus not treated here. Otherwise the derivation of 
the above result is analogous to previous sections, so we do not bother to give a "proof" here. 



3.4.5 Construction of x ) 

The last left representative at first perturbation order to be discussed in this thesis is yi((p 5 ,x). 
This is the final step in our algorithm before we can proceed to second order by the field equation. 
The general outline of this section is similar to the previous ones. As always, our starting point 
is the expression of yi(ip 5 ,x) in terms of known left representatives, 



3.4. LOW ORDER COMPUTATIONS: NEXT TO LEADING ORDER 



65 



y^ip^x) = iim y (<p,x)y 1 (<p\y)+y 1 (<p,x)y (tp\y)-(c 1 ) ip i (x-y)y (v 5 ,x) 

y—>x L r ¥ 

-(Cb)^(x - y)yiW\x) - (C )^-(x - y)tt((¥>Vim),*) 
- y)y Q W\x) - {C x )^{x - y)y {{y\i m ),x) 



{ 3.4.133) 



-(C 1 )^ v (x-y)y ( l p,x) 

which is a consequence of our consistency condition. It should be remarked that in the last line 
of this equation no counerterms of the form (C\)' fil ^ n with I 7^ appear, because this coefficient is 
zero according to the results of the previous section (since here g(a, b) =odd). The counterterms 
in the above equation take the values 





-y) 


(Co)^(x 


-y) 




-y) 




-y) 




-y) 



1201og|x-y| [ 3.4.134J 

4 



F - y\ 



{ 3.4.135J 



= 4(C 1 )^ v (x-y) + [(R 1 )^(x-y)]^ ( 3.4.136] 

; 4 ((Ci)^(x - y) • \x - y\S lm {x) + {C x )™?{x - y) 

: [(#iV]£ ( 3.4.138) 

The above relation between the coefficients (Ci) v 4 and {C\f 3 may be derived as follows: 

2 2 

The sets 2% (7) and 2^ (5) are empty, so the first two lines in eq. 3.4.111 do not give any 

2 

contribution to {C\) v z . Thus, the only contribution comes from the matrix element of the 
remainder term (i?i)„3, i.e. 

(C l f^(x) = [(R 1 ) tp s(x)]f . f3A139) 

3 

Now let us come to the coefficient (Ci)^ . Here the first two lines of eq. 3.4.132 vanish, because 

3 3 

the sets 1% (8) and (6) are empty as well. Therefore, the coefficient at hand contains the 
following contributions: 



(CO^Or) =(^ 3 |4 : (R 1 ) V} s(x)y (if,x) : \<p) + {^(R^x)^) 

=4[(i? 1 )^(*)]f • (Co)l v (x) +4[(Ri)A x X 2 ■ (Cb)^(x) + l(RiV(x)]f 
=4[(Ri)A x )]f + [(fllV(^)]^ = + [(^V^tf 

( 3.4.140) 

In the second line we decomposed the left representative ^(V;^) a creation and an anni- 

3 3 

hilation part. In addition, the results (Co)* a (x) = 1 and [(Ri) ip 3(x)] 1 ^ = from the previous 
sections were applied. The final equality then follows from eq. 3.4.139 and confirms eq. 3.4.136. 
Eq. 3.4.137 was derived in a similar manner. 

The strategy is again to write y±((p ,x) as a sum of some known normal ordered (and thus 
finite) expressions and an additional remainder term (i?i)„s. The computation of this remainder 
term is the main effort that goes into the construction of the desired left representative. 
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Result 3.4.11 (Left representative yi(ip 5 ,x) in normal ordered form) 



yi{^, x ) =5 : y 1 (c P ,x)y (<p A ,x) ■. +io : (R 1 )^(x)y Q (i P 3 ,x) ■. +io = (R 1 ) (p3 (x)y (i P 2 ,x) : 

+5 : (Ri)^{x)y {<p,x) : +(i?i)^(x) 



3.4.141) 



where 



(R 1 ) ipS (x) 



lim 



yi((p,x)y (tp,y)yo(<p,y)y ((p,y)yo(ip,y) + yo(<P,x)(R 1 ) ip 4,(y) - (Ci)p^(x - y)y (<p,x) 



{ 3.4.142) 



Remark: Again, we have not been able to verify convergence of this limit explicitly. However, 
our renormalization procedure implies 



Result 3.4.12 (Constraints on remainder terms) 



For the consistency condition 3.2.16 to hold, it is necessary that 



and 

with c £ C. 



[(fliM*)]^ 1 "* = "160 • S lm (x) • (logr + c) 



( 3.4.143J 



( 3.4.144) 



Proof of results 3.4.11 AND 3.4.12 : Insertion of 3^i(^ 4 , x) in the form 3.4.119 into our equation 
for yi (if 5 , x) yields 



yi(<p h ,x) = lim 4y (<p,x) : y^tp, y)y (<p 3 , y) : +6y (ip,x) : (Ri)^(y)y (<p 2 ,y) : 



+4^o(^,x) : (i?i) v 3(y)^ (^, 2/) : +3 7 oO> a;) (#1)^,4(3/) + J^O, x)^o(v 4 , y) - "counterterms" 



( 3.4.145 J 



The next step is to bring these expressions into normal order and to keep track of the additional 
terms generated in the process. To be begin with, we pick up the additional expressions 



lim 

y—>x 



4:y (ip,x)y 1 (^y)y Q (^,y) : +4 : y^y, x)y (<p, y)y (<p 3 , y) ■ = 4:y (y 3 , x )(R 1 ) ip *(x) 



{ 3.4.146) 

from normal ordering of the first and the last product in eq. 3.4.145. Further, the contractions 



4 lim 

y—>x 



y (v,x)y (y,y) (3 : yi(<p,y)y (<f,v) ■ +3 : (Ri)^(y)y (<P,y) ■ +(Ri) v *(y) 



4 lim 

y^x \x — y\ 



^(3 : yi(<p,y)y (<f,v) ■ +3 : (Ri)^(y)y (^y) ■ +(Ri) v >(yj) = lim ^—y^ 3 ^) 
-y\\ * ) y-+x \x - y\ 



3.4.147) 



result from normal ordering of the first three summands in eq. 3.4.145. The result cancels with 
the polynomial counterterms in the second line of 3.4.133. The remaining expressions with two 
contractions are 
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6 lim 

y—>X 



y (^x)(R 1 ) v 2(y)y (i P 2 1 y) : + : y^cp, x)y (<p, y )y (<p, y )y ^ 2 , y) 
6 : (R 1 ) v s(x)y (^ 2 ,x) : +120y ( V 5 , x) lim log \x - y\ 

y—>x 



[ 3.4.148J 



This divergence cancels with the logarithmic counterterm in eq. 3.4.134. Next consider the products 
with three contractions 



4 lim 

y^x 



i 1 i 1 i 

y (ip,x)(R 1 ) v> 3(y)y (ip 1 y) : + : y 1 (ip,x)y (ip 1 y)y ((p 1 y)y (ip,y)y (ip,y) 



=4 : (R 1 ) v i(x)y (ip,x) : 



-4 lim 

y^x 



y (<P,x)y (<P,y) ■ (C 1 )l 3ip (x-y) + (C 1 )^(x-y):y Q ( Wlm ,x)y (^y) 



{ 3.4.149) 



which follows from the definition of (Ri) v i, see eq. 3.4.120. Here we encounter the problem that 
neither the OPE coefficients in the expression above, nor the counterterms in eqs. 3.4.136 and 
3.4.137 are explicitly known. Thus it seems difficult to verify the cancellation of infinite terms 
in the limit above. This is not really a problem, however, since yi((p 5 ,x) is finite by its very 
construction (see section 3.2). Thus, we may change our point of view and from now on assume 
that the counterterms render the left representative finite, instead of trying to show this with the 
help of results from previous sections. This yields the following constraints: 



lim 

y^x 

lim 



finite 



M(C 1 r v3<p (x-y)-\x-y\S^(x) + (C 1 )^ 



(x-y)) 



(C^y^ix-y) 



{ 3.4.150) 

= finite 



[ 3.4.151) 



These conditions were derived as follows: We performed a Taylor expansion of the operators yo(<P, y) 
in eq. 3.4.149 around the point x and neglected all terms with positive scaling dimension in \x — y\, 
since these terms vanish in the limit. Eq. 3.4.150 then follows if we demand that the resulting 
expressions proportional to yo(tp 3 ,x) are rendered finite by the corresponding counterterm, eq. 
3.4.136. Similarly, eq. 3.4.151 collects all terms multiplying the left representative yo(<p 2 (pi m , x) 
and requires that subtraction of the corresponding counterterm, eq. 3.4.137, yields a finite result. 

Substitution of eq. 3.4.136 into the first condition above yields 



lim 

y—>x 



-[{R^ix-yW 



= finite 



( 3.4.152) 



Since the OPE coefficient (Ci)^ 4 has scaling degree 1, this is also true for the contribution from 

the remainder term, [{Ri) ip i(x — y)]^ . Thus, we conclude that [{R\) ip i{x — y)]^ is of the form 
(ci log |a; — y\ + C2)/\x — y\, where ci, ci € C are constants. This fact together with the condition 
above uniquely determines [{Ri) v ^ ■ 



[(Ri^ixW =0 



[ 3.4.153) 



This confirms the first half of result 3.4.12. Now let us come to eq. 3.4.151. Here substitution of eq. 
3.4.137 leads to 



lim 

y—>x 



-[(iZiMz - y)Z Vlm ~ 4[(i?i) v 3(x - y)\l 



1 



\x-y\ 



finite 



3.4.154) 



Dimensional analysis of the expressions in brackets suggests that all summands are at most logarith- 
mically divergent. Therefore, the above constraint is not as strong as the first constraint, in the sense 
that it will not allow for a unique determination of [{Ri) v *\^ Vlm ■ The term [(Ri) v 3(x — y)]\ 
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may be determined with the help of result 3.4.7. As mentioned above, we are only interested in the 
logarithmic contribution to this matrix clement. We find 

[{Ri)^)]^* 1 ™ = 40 • |a:| S lm (x) ■ logr + polynomial contribution ( 3.4.155) 

which yields upon insertion into the constraint above 

[{Ri) v <(x)]g V1 '" - -160 -5 lm (i)- (log r + c) ( 3.4.156) 

where c € C is some constant. Thus, we have confirmed result 3.4.12. 

It remains to analyze the genuinely new contributions containing four contractions and the re- 
maining counterterm 



r 1 1 

(Ri) v 5(x) = lim y ((p,x)(R 1 ) ip i(y) + y 1 (ip,x)y (ip,y)y (ip,y)y (ip 1 y)y (ip,y) - (Ci)L (x - y)y (<p,x) 

y >x L 

( 3.4. 157) 

Restoring all the normal ordered products obtained in eqs. 3.4.146- 3.4.149, one verifies eq. 3.4.141. 

□ 

The OPE coefficients (C\) s a with g(a,b) > 3 can be determined without any knowledge of 
(-Ri)^ and (i?i)„5, so we will focus on these cases. 

Re sult 3.4.13 (OPE coefficients (CQ^J 



and 



(Ci) J, 5 a (x) = for g (a, b) > 9 or g(a, b) = even { 3.4.158) 



( -i', ) r d 



(c 1 ) b v5a (x)=5 E E E f b a [*]±i[y 1 ,r]j 1 *o[y2]j 2 T[j 1 ,j 2 ]jSj( 

2leXj(9)P 5 ,4[2t] J,Ji,J 2 

+ 10 E EE fam^i&^^r^Aol^TlJu^jSjix) 
»eZ*(7)7>4,3[»] J,Ji,Jz 

+ 10 E EE ti[£]^\y^j 1 ^2]. h T[j 1 ,j 2 ] J sj{x). 

CeXj(5)P3,2[£] J,Jl,J2 



[ 3.4.159 J 

for g(a, b) > 3. 



The result may be derived from the form of the left representative y^tp ,x) in analog to the 
previous sections. 



3.4.6 Construction of y 2 (<p,x) 

According to the algorithm outlined in section 3.2 it is possible to construct the second order 
left representatives y 2 (ip,x), or equivalently the OPE coefficients (C^)^, from the knowledge 
of the first order left representatives yi(ip 5 ,x). In the previous chapters we have presented the 
iteration up to this point, so we are finally ready to exploit the field equation and proceed to 
second perturbation order. This process will be carried out in the present chapter. 
The central equation of this chapter is 



Ay 2 ( iP} x)=y 1 (< P 5 ,x) =5 : y 1 (i P ,x)y (i P \x) ■. +10 : {R 1 ) 9 2{x)y Q {^,x) ■. 

+ 10 : (i?i)^(^o(^ 2 ,x) : +5 : (R x )^{x)y Q {<p t x) : +(Ri)^(x) 

{ 3.4.160) 
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which follows from eq. 3.2.8. Since we do not know the concrete form of the operators (Rx)^ 
and (i?i)„5, we will only be able to analyze the contributions from the first three terms on the 
right side of the above equation. As we have seen in the previous chapter, this still allows for 
the computation of a large class of OPE coefficients (C2)^ a , namely those with g(a,b) > 3. 
With the help of the equation above and the definition (here we implicitly assume that at n-th 
perturbation order logarithms up to the power n may appear, which will be proven in section 
3.5) 



Definition 3.14 (Gradings by powers of the logarithm) 



The gradings of the vertex operators y n (\v a ), x) and the remainder terms (R n ) v k(x) by scal- 
ing dimension d, "spin" J and powers of logarithms p are denoted by y n (\v a ), x; d) j and 
(Rn) v k(x,d) p j, i.e. 



oo oo n 



y n (\ Va ),x)= ]T ^^yniM^dfj-Aiogrysjix) 

d=—oo J=0 p=0 



and 



oo oo n 



d=— oo J=0 p=0 



Furthermore, let 



and 



pi (dlogrjP 



1 f}P 

A?[/,2l]j := - 7 - 7T _^A 1 [/,2l,r JJ 



;r=0 



p\ (dlogr)P 



;r=0 



3.4.161 



3.4.162) 



( 3.4.163) 



3.4.164J 



we obtain the following partial result 



Result 3.4.14 (Left representative y2(ip,x)) 

Using the operator A -1 to solve the differential equation 3.4.160, we find 

y 2 (<p,x) =5 : a- 1 [y 1 ^,x)y (^,x)] ■. +10 : a- 1 [(R^^yo^ 3 ^)] ■. 

+10 : A -1 [(Ri) ip 3(x)yQ((p 2 , x)] : + terms including < 3 ladder operators 

[ 3.4.165) 



where the terms on the right side are concretely 
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A- 1 [y 1 (< P ,x)y Q (<p i ,x)]= E J2 y ^ x ' d ^Ji- y ^' x ' d ^^ 

di,d,2=—oo J,Ji,J2 p=0 

T[Ji, J2]jSj(x) r dl+d2+2 (logr) p • D^[d x + d 2 + 2, J,r] { 3.4.166) 

oo 1 

A- 1 [(R 1 )^(x)y (i P 3 ,x)]= E E^iV^^Ki^^i^Ji 

di,d,2=— oo J,J\,Ji p=0 



T[ Ji, J 2 ] j 5j(x) r dl+d2+2 (log r) p • [dj + d 2 + 2, J, r] ( 3.4.167J 

oo 1 

a- 1 ^!)^^^ 2 ^)] = E E^M^j^V;^ 

rfli^2= _ J,Ji,J2 p=0 

T[Ji, J 2 ]j Sj(x) r dl+d2+2 (logr)P • D^fa + d 2 + 2, J,r] ( 3.4.168) 

with D^(d,J,r) defined as in eq. E.8 (the special cases q = and g = 1 can be found in eqs. 
E.10 and E.ll). 

Proof : We simply have to use the gradings introduced above, the coupling rules of the spherical 
harmonics as discussed in appendix D.2 and the solution to the resulting differential equation from 
appendix E. 

□ 

As in the previous chapter, this knowledge allows for the computation of the OPE coefficients 
(C^hoa w ith g(a, b) = 9 and g(a, b) = 7 in full generality, and for g(a, b) = 5 in the cases where 
(i?l)„3 is known. 

Re sult 3.4.15 (OPE coefficients (C 2 )%, Q ) 



The matrix elements of the left representative y 2 { i f, x ) given in result 3.4.14 are 



(C 2 ) b va (x) = for g(a, b) > 9 or g(a, b) = even [ 3.4.169) 

and 



(<? 2 )Uz) 



1 

5 E E E E^ a ] A ?[VJjiAo[qfeUr[J 1 ,J 2 ] J 5 J (f)r d (logr)' 
- 2teZfe(9)P 6> 4[2l] J,Ji,J*p=o 
i 

" 10 E EE E/a^Af^^J^Ao^^rtJ^J^^X^-r^logrr 

Q3eX^(7) P4,3[»] J.Ji.Ja P=0 
1 



+ 10 E EE E/«[ £ ] A ?^ 3 ^J^ A o[^]j 2 r[Ji^2]j^(&)-r d (logrr 



■£)W[d, J,', 
( 3.4.170) 

for g(a, b) > 3. 



Proof : All we have to do is invert the Laplace operator on the OPE coefficients (C\) &a , see re- 
sult 3.4.13. This effectively means that we have to multiply logarithmic expressions by and 
polynomial expressions by D^°K This procedure yields eq. 3.4.170. 

□ 
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3.5 Some higher order results 8 

One aim of this thesis is to recognize patterns in our iterative scheme and in this way to 
extrapolate our knowledge of low perturbation orders to gain some insight into higher orders. 
The present section, which is dedicated to precisely this topic, is structured as follows: First we 
extend our results for the simplest class of OPE coefficients to arbitrary order in perturbation 
theory (still in the 3-dimensional model considered in the previous sections). Then the general 
structure of more complicated higher order coefficients is discussed. 

We begin our discussion of results for arbitrary orders with the analysis of vanishing OPE 
coefficients. We would first like to show 
Proposition 4 

The left representative y n (ip k , x) contains products of no more than An + k ladder operators. 



Proof: For the left representatives of the free theory this follows simply from eq. 3.1.27. Now suppose 
we know the claim holds at order n — 1. Then we know that the left representative y n -i(ip 5 , x) is 
related to y n (<p, x) by the field equation 3.2.5. Hence y n (if, x) contains at most 4(n— 1) + 5 = 4n + l 
ladder operators just as we claimed. In order to construct the other n-th order left representatives 
we use the consistency condition. Let us now assume the claim holds for y n (ip k ~ 1 ,x). Then the 
consistency condition yields 



y n {ip k ,x) = lim 



^y i (< P ,x)y n - i (v k -\y)-^(c i y vk ^(x-y)y n - i (\v c ),x) 

i=i ( 3.5.1) 



i=0 

(c )<:l(x - v)y n {^-\x) - (c )Kr m) (z - y)yn(<P k - 3 <Pim,x) 



Since the left representatives up to y n ( i p k ^ 1 ,x) fulfill the proposition by assumption, it is easy to 
check that the product of the left representatives on the right side of this equation contains at 
most 4i + 1 + 4(ri — i) + k — 1 = An + k ladder operators. Further, the OPE coefficient (Ci)'r k _ 1 
vanishes in the limit y — > x if \v c ) contains higher powers than ip k . Thus, the left representative 
yn-i(\vc) , x) multiplying this coefficient contains at most 4(n — i) + k ladder operators, where i > 0. 
It remains to discuss the left representatives in the second line, which also fulfill the desired property 
by assumption. Therefore, our claim also holds for y n (f k , x) and by iteration of this procedure for 
arbitrary left representatives. 

□ 

In a similar manner, it can be shown that 
Proposition 5 

The left representative y n (ip k , x) contains only products of an even number of ladder operators 
if k is even, and an odd number of ladder operators if k is odd. 



Proof : Again there is nothing to show at zeroth perturbation order due to eq. 3.1.27. Also, assuming 
the claim holds at order n — l, it holds for y n ((p, x) if we use A -1 to solve the field equation. Thus, 
it remains to check whether the consistency condition respects our proposition. Assuming the left 
representatives up to y„(</? fc-1 , x) satisfy the proposition, we can deduce that both factors in the 
product of the left representatives on the right side of eq. 3.5.1 satisfy our claim, so the product as 
a whole does so as well. It remains to investigate the counterterms. Let for the moment k =even. 
Then, since yi((f k ~ 1 ,x) acts by an odd number of ladder operators for i < n, one can show (see 
result 3.5.1) that the OPE coefficient (Ci)^ k _ 1[p vanishes if g(\v c ), f) — even, i.e. if \v c ) is constructed 
from ip by an even number of ladder operators. In other words, for the coefficient not to vanish, \v c ) 
has to be of the form ifi imi • • ■ tpi-m* where j is an even number. Therefore, the left representative 
yn-i{\ v c) , x), which multiplies this OPE coefficient, is obtained from y n -i{f J , x) by taking the 
appropriate derivatives, see eq. 3.1.27. For j =even this left representative also acts by an even 

8 As above, we use the operator A -1 to soive the field equation in this section. For other solutions the results 
of this section might not hold. 
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number of ladder operators due to our assumption, so the proposition does indeed hold. On the 
other hand, if k =odd, one can follow the same argumentation to show that y n —i(\ v c)i %) acts by an 
odd number of ladder operators. As the left representatives in the second line of eq. 3.5.1 fulfill the 
desired property by assumption, the iteration is complete. 

□ 



As a simple conclusion from these propositions, we find 



Result 3.5.1 {Vanishing OPE coefficients) 

At arbitrary perturbation order n £ N and for any exponent fcsN the equation 



(Cn)^ a (x) = forg(a,b)>4n + korg(a,b) + k = odd { 3.5.2) 

holds. 



Proof : By proposition 4 the left representative y n (tp k ,x) acts by at most 4n + k ladder operators. 
Further, g(a, b) > 4n + k means that more than 4n+k ladder operators are needed to transform \v a ) 
into \vb). Thus, the matrix element (vb\y n (<p k , x)\v a ) = {C n ) k a (x) vanishes, due to orthonormality 
of our basis. 



Now we come to the second part of the result. Assume g(a, b) =even for the moment, i.e. we need 
an even number of ladder operators to transform \v a ) into \vb). Then only the part ofy n (ip k ,x) that 
acts by an even number of ladder operators contributes to the coefficient (C n ) k a - Proposition 5 
tells us that for k =odd, this left representative does not contain any contribution of this kind, so for 
g(a, b) + k =odd the OPE coefficient under consideration vanishes. If on the other hand g(a, b) =odd, 
we find by the same arguments that the coefficient vanishes for k =cvcn, which finishes the proof. 

□ 



This result implies that only the coefficients (C n )^ k a with g(a, b) = 4n + k — 2i where i £ N are 
non-zero. The difficulty in the computation of these remaining coefficients depends strongly on 
the value of g(a,b), as we have also seen in the constructions of the previous sections. This is 
due to the fact that for g(a, b) = 4n + k — 2i we have to contract i pairs of ladder operators, 
which essentially means that we have to solve an i-fold infinite sum. Thus, it is natural to first 
consider the coefficients (C n ) b (f>ka with g(a,b) = 4n + k, since here no infinite sums appear. In 
this simple case it is possible to give a closed form expression with the help of the following 
generalizations of our notation: 



Definition 3.15 (Generalized partitions) 



Let T > (ai,...,a n ) [^] ^ e the set of partitions of any multiset 21 of cardinality a\ + . . . + a n into n 
submultisets of cardinality a±, a<z y ■ ■ ■ and a n respectively, whose sum is 21, i.e. 

7V,...,a„) [21] = •• • >^Pn| card*p 4 = Oj Vi G {1, . . . ,n} and <Pi U • • • W <$ n = 2l} ( 3.5.3) 
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Definition 3.16 (Notation for higher orders) 



For n > we define recursively 

ni+...+n 5 =n-l ni n 5 

A n [%=iii,...M n+ j,r]j--= E E E-E E 

ni,...,m P(4n 1 + l,...,4n 5 + l)[2l]Pl= PB=0 J U ...,J S 

x (l ogr r+-+^D^+-+P^ [da, J, r] • A£ [5PJ * • • • A* [«p 5 ] J 5 T[Ji, . . . , J 5 ] j 



wliere .D^kigi, J, r] is defined as in eq. E.8 and with 

1 d p 
p\ (dlog r)P 



1 AP 



log r=0 



As in previous sections, let 

A [2t]j = Ag[2l]j = T[2l]js[2l] . ( 3.5.6 J 



Remark: This definition of A^ is consistent with the formula given in eq. 3.4.163. This can be 
seen as follows: Note that for n = 1 the parameters n\,...,n§ are all restricted to be equal to 
zero. Thus, eq. 3.5.4 takes the form 

A 1 [2l = ^f,...,^,r] J = E D^[dn,J,r]T[%\j {j3j} 

^(1,1,1,1,1) M 

where we also used the fact that Ao[2l = j]j = j according to the definition above. The sum 
over partitions of 21 into submultisets of cardinality 1 is equivalent to a sum over permutations 
of the elements of 21. The right side of the above equation is invariant under such permutations 
(the submultisets do not appear) so we may replace this sum by a symmetry factor, which 
by definition is just s[2l]. Therefore, eq. 3.4.163 is equivalent to the definition above. 

Result 3.5.2 (The simplest class of non-vanishing OPE coefficients) 



For g(a, b) = 4re + k, b = a + Ylt=i k e i q an d 21 = [if, ■ ■ ■ , \\ n+ kS ^ e equation 



ni+...+n k =n 



(c n )i ka ( x )=f a wr« e E EE 

m,...,n k =0 P (4ni + l,...,4n fc +l)[2l] J Ji,-,Js 

x SjM^mJx, . . ., J k ]j • A^^i.r]^ • • • A nk [y k ,r} Jk 



{ 3.5.8) 



holds. 



Before we give the proof of this result, let us first present the following 
Lemma 3 



The counterterms appearing in the construction of an arbitrary left representative y n (f k i x ) 
act by less than 4n + k ladder operators. 



Proof : We have already shown this in the proof of proposition 4. There we have argued that the 
counterterms in the first line of eq. 3.5.1 contain at most products of 4(n — i) + k ladder operators 
with i > 0. For the counterterms in the second line of eq. 3.5.1 the lemma holds trivially. 

□ 

Now we are ready for the 

Proof of result 3.5.2 : Let g(a, b) = 4n + k. Then it follows from lemma 3 that we may write 9 

9 Here we do not have to require normal ordering, since any contribution containing a product of contracted 
ladder operators vanishes due to proposition 4. 
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(v b \y n (ip k ,x)\v a ) = (v b \Y,yn-i(ip,x)yi(<p k - 1 ,x)\v a ) , { 3.5.9) 

1=0 

since the matrix elements of all the counterterms in eq. 3.5.1 vanish, which also allows us to perform 
the limit y —> x. Repetition of this procedure yields 

n i 

(^|^(^ fc ,^)|^ a ) = ^bl^^yn-iC^a:)^^^,^)^^- 2 ,^)!^) . ( 3.5.10) 

i=0 j=0 

This process can be further iterated to obtain the factorized form 

n 

(v b \y n (<p k ,x)\v a ) = {v b \ E y ni (^^)---y nk (^,x)\v a ) { 3.5.11) 

"1 "fc=0 

!>! + .. .+n h =n 

Hence, we can reduce the problem to finding an expression for 

(v b \y n {<p,x)\v a ) = {C n % a {x) { 3.5.12) 

with c/(a, &) = An+ 1. Recall that we may use the field equation in order to determine this coefficient 
from 

ni + ...+ns=n — 1 

(C n ) b ipa (x)=A- 1 (C n - 1 )K >a (x)= E *r 1 W ni ('P,x)---y nii (ip,x)\v a ) . { 3.5.13) 

ni,...,n 5 

In the second step we again used the factorization property 3.5.11. With the help of this relation 
we can establish an iteration: We start at n = 1 with the formula 

{C x )% a {x) = A-^Co^Oz) = A-^iyofo ^ • • • y {<P, x)\v a ) { 3.5.14) 

with 17(0, 6) = 5, which is familiar from section 3.4.1. There we have found the result 

(Ci) b va (x) = / a b [2l] J2 A il 2t ' r]jSj(x) r d f^STS) 
j 

with 21 = . . . , l|] and 6 = a + Y^h=i e i q (recall that for g(a, b) = n the set I b (n) consists of only 
one element). This is in accordance with eq. 3.5.8. 

Now suppose eq. 3.5.8 holds for all OPE coefficients up to (C n _i)* a . Then the right side of eq. 
3.5.13 can be written as 



ni~l-...+7i5=n — 1 Tit ns 

A- i (c„- l) ^ a w=A- i (/ a b [2i]^- 2 £ E E E £ •• £ 

ni,...,n 5 T'(4« 1 +i,...,4»5+i)[2l] J Ji,-»,JsPi=0 Ps=° 

x (logrr+-+^A^ i [^ 1 ], 7l • ■ • A* pPsU ^(x)T[J 1; . . . , J 5 ], 7 ) 

ni + . . .+715 — 71— 1 Til 715 

=/ W a e E E E E---E( lo g-) pl+ -" +P5 

rai,...,n 5 •P (4 „ 1 + 1 4 „ 5 + i)[a] J Ji,...,Jb pi=0 p 5 =0 

x J,r] A&pkU ' ' • A^[qj 5 ]j 8 Sj(x)T[J u . . . , J 5 ], 7 

=f b a[X\r** J ESjix)* n [*,r]j = (C n ) b va (x) 
j 

{ 3.5.16) 

where <?(a, 6) = in + 1 and 21 = . . . , t4„ +1 ^ with b = X^i" 1 e i q - I n the second step we used the 
definition of D^ n \ eq. E.8, in order to solve the differential equation, and in the last line we used the 
definition of A„, see eq. 3.5.4. Therefore, eq. 3.5.8 holds for all coefficients of the form (C n ) b with 
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g(a, b) — An + 1, and hence for all coefficients (C„) k a with g(a, b) — An + k due to the factorization 
property, eq. 3.5.11. 

□ 

As mentioned above, the construction of OPE coefficients {C n ) b ^ k a becomes increasingly dif- 
ficult for decreasing values of g(a,b), so it will be considerably more complicated to extend 
the above result so smaller values of g(a, b). Thus, instead of trying to determine the concrete 
form of these coefficients, we will spend the rest of this section discussing some general prop- 
erties of arbitrary OPE coefficients, which follow from the patterns observed in our low order 
computations. 

Powers of logarithms 

Here we want to prove the familiar claim 
Proposition 6 

At n-th order in perturbation theory, OPE coefficients {C n ) c ab {x) contain at most the n-th 
power of log r. 

Proof : We prove this statement iteratively. At zeroth-order it is obviously true, as can be seen from 
our explicit construction of the general left representative yo(\v a ),x) of the free theory. Matrix 
elements of this normal ordered operator contain only finite sums of polynomial terms, and hence 
no logarithms. Now suppose the proposition is true at order n. Then according to our algorithm we 
proceed to order n+ 1 by inverting the Laplace operator on (C n ) b 5 . By assumption, this coefficient 
contains no higher powers than (log r) n . Now according to eq. E.8, inversion of the Laplace operator 
on such an expression can increase the power of log r at most by one, which implies that our claim also 
holds for {C n +i) h ipa . The next step in our scheme is to determine (C„+i)^ 2a using the consistency 
condition 



(Cn+i)(p5 



lim 



Yi+l 

E 

.i=0 



(Ci)% a (y)(C n 



) b 

/cp c 



(x) 



counterterms 



( 3.5.17) 



All expressions in this formula are known, i.e. only coefficients up to (C n +i)t, a appear. Thus, we 
know that each summand on its own fulfills our claim, so the only possible source for an additional 
power of the logarithm is the infinite sum over c. Despite our lack of knowledge of the explicit form 
of the coefficients in this sum, dimensional analysis 10 allows us to put it into the form 



(C l )^( 2 ;)(C n+1 _ I )tc(^)«E(^) C ■pii7i( 1 °gNI) 9 ( 1 °gl2/l) P ,P + 9<" + l f3^18) 

From this estimate we can see that if the infinite sum over c is to produce additional powers of 
logarithms, the argument of this logarithm will clearly be 1— |?/|/|:e|. However, in the limit y — > x this 
expression is divergent and thus has to be cured by subtraction of an appropriate counterterm. Let 
us suppose the sum over c diverges as (log 1 — |y|/|a;|) r , then the counterterm has to be proportional 
to (log |a;|) p+9 (log |x — ?/|) r |a;|l fc l~l a l _1 . After cancellation of the infinite parts, we are left with a finite 
contribution of the form (log |x|) p+ ' 3+ '*|2;|l b l~l a l~ 1 . Now recall that every counterterm is a product of 
two OPE coefficients of order i and n+l — i respectively, which both satisfy our proposition. In other 
words, the combined power of logarithms in this product may not exceed n + 1. Therefore, for our 
counterterm of the form (log |a;|) p+ ' 3 (log \x — y|) r |a:|' b ' _ ' a ' _1 we find the condition p + q + r < n+ 1, 
and it follows that also the finite result will fulfill our proposition. 

This argumentation can be straightforwardly generalized to show that all coefficients (C n +i) \ a , 
and thus also the general coefficient (C n +i)£ 6 , fulfill our proposition, which completes the iteration. 

□ 



Recall that the OPE coefficients obtained with A 1 are graded by dimension, i.e. sd(d) c ab = a + |fc| — c|. 
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3.6 Comparison to customary method 



In the standard approach to quantum field theory OPE coefficients are determined via certain 
renormalized Feynman integrals [13]. In this section an exemplary computation of this type for 
a first order coefficient is presented. It will be shown that our method, i.e. the scheme outlined 
above, does indeed yield an equivalent result. 

3 

We want to determine the three-point coefficient (Ci)p tV>!V >(xi, X2, x 3 ) again in our three di- 
mensional toy model with y? 6 interaction. In the usual approach this means that we have to 
perform the integrals 



(Ci) X2,X 3 ) 




UV-renormalized 

120 f ( 3 \ 3 

— / (G F (xi,y)G F (x2,y)G F (x 3 ,y) - G F (x3,y)) dy 

247T /m>3 V / UV-ren. 



V(y-^) 2 V(y- x i) 2 (y- x 2) 2 (y-x 3 y 
1 1 \ 



d 3 y 



UV-ren. 



y2 3 vV(y - xi 3 ) 2 {y - X23)' 



d A y , 



UV-ren. 



QTeT) 



with Xij := Xi — Xj and where 



G F (x,y) 



\x - y 



is the propagator in our theory. Here we used the Feynman rules corresponding to the Lagrangian 



C((p,du<p) 



1 

4tt 



d^{y)d^{y) + ^ 6 (y) j tf'ij . 



( 3.6.3) 



see eqs. 3.1.1 and 3.2.2. In the last step of eq. 3.6.1 we simply shifted the integration variable 
y — > y + X3. Power counting suggests that the integrals are logarithmically infrared-divergent. 
Therefore, we introduce a cutoff as regularization and treat the integrals separately. In the end, 
as the cutoff is removed, we will obtain a finite result for eq. 3.6.1. 

Let us start with the first integral in eq. 3.6.1 and assume without loss of generality r\ 3 < r2 3 , 
where rij = \x%j\. Then we can solve the integral using the Gegenbauer polynomial technique 
[34][35]. Let r y = \y\, dQ = sin6de# and Aei Then we find 
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sJyHy - x 13 ) 2 (y - X23) 2 

ri3 ( 



d 3 y 



dr y I dO, 



''23 

+ J dr y I (lit 



+ dr v dn 



''" ' r,:! ' ' ^ + t - 2^ y ■ X13 Jl + ~ 2^ ,/ ■ .r 2:i 



?"23 



l + ^-2^y-x 13 A /l + ^f-2^y-x 23 



''23 



V 



l + #-2^y-xi3 Jl + #-2^y-x 23 



7 



Here we split the radial integration into three parts and introduced the cutoff parameter A. 
The original integral is restored in the limit A — > 00. The square root expressions under the 
integrals can now be recognized as generating functions of the Legendre polynomial (see eq. 
D.2.4). Hence, 



vV(y - xi 3 ) 2 (y - x 2 3)'- 



d 3 y 



dr y I dO, 
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ri 3 -r 23 ^ 
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^■5>»-*.> ^ ■£*-«■*»> (£) 

23 n=0 " rn=0 x ' 



( 3.6.5) 



y n=0 



m=0 



Now the angular integration can be performed conveniently with the help of the orthogonality 
relation of the Legendre polynomials 



/ dyP n (y ■ xi)P m (y ■ z 2 ) = 5 n . m 1 P n {xi ■ x 2 ) , 
J ' 2n+l 



( 3.6.6) 



which yields 
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CA6J) 



Finally, we are ready to perform the radial integration, which is trivial in our present form of 
the integral. 
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( 3.6.8J 



Now consider the other integral in eq. 3.6.1. In addition to the infrared-divergence, which we 
will again control using a cutoff, this integral is also ultraviolet-divergent. This divergence may 
be cured using differential renormalization [36, 37, 38], which works as follows: We may replace 
the integrand using the identity 



1_ = A log{fir y ) 



y 



• v 



with some renormalization parameter [i G C, which holds for r / 0. Thus, we obtain for the 
integral under consideration 



dy 3 



A I l0g( ^ } ) dy 3 



dfl r 2 y d ry 



{ 3.6.10) 



47T(l0g(M)-l) 



where Gauss '-theorem was applied in the second step. Subtraction of this result from eq. 3.6.8 
shows that the logarithmic divergences cancel out. Hence we may safely remove the cutoff, i.e. 
take the limit A — > 00, and arrive at the result 



(Ci) 



20 (± P„(c),»« - £ P„(c)»» . f + log r23 + log,. - l) 
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/ 00 
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where the abbreviations 



ri3 

T23 



C := X13 • £ 23 



[ 3.6.11 J 



( 3.6.12) 



were used. Now let us compute the same coefficient in our framework. First, the coherence 
theorem, thm. 1, states that the desired three-point coefficient can be uniquely determined 
just from the knowledge of the two-point coefficients. This can be seen by application of the 
factorization axiom (assuming ri3 < r 2 3, i.e. s < 1) 
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(Ci)^ v (x 1 ,x 2 ,x 3 ) = ^(dY^ix!, x 3 )(C )f Vc (x 2 , x 3 ) + ^2(C ) v v c [p (xi,X3)(C 1 )f Vc (x 2 ,x 3 ) 



3.6.13 



where the sums go over all basis elements \v c ) G V. The coefficients on the right side have been 
determined in section 3.4.1, see results 3.4.2 and 3.4.3. With the help of these results we can 
reduce the sums to the form 



(Cl)f tVtip (x 1 ,X2,x 3 ) = ^{C l )^^\x 1 ,x 3 )(Co)f {dnip)vi {x 2 ,x 3 ) 

+ E( C '0)if;^(^^3)(C 1 )^ n ^(x 2 ,X3) 
n=0 

since the coefficients vanish for all other (linearly independent) choices of v c . Explicitly, we find 
for the coefficients on the right side (using the mentioned results from section 3.4.1 or appendix 
A) 
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Thus we have by substitution into eq. 3.6.14 
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Finally, using the addition theorem of the spherical harmonics and the abbreviations s and c as 
introduced above, we arrive at the formula 



x s n+1 



(Cl)Wxi, 32,33) = lOE^T P "( C ) +101 ° gr 23 t 3 - 6 - 20 ) 

n=0 

Comparing this result to eq. 3.6.11 we find that the difference can be absorbed in the arbitrary 
choice of renormalization parameter 11 [i. Therefore, the results obtained from the two methods 
are indeed equivalent. 



Recall from sec. 3. 2.1 that we may also introduce an analog to this parameter in our approach by a redefinition 
of A -1 . 




Conclusions and outlook 



This thesis contains the first concrete results on the construction of an interacting, perturbative 
quantum field theory in the framework of [I] (see also chaper 2). Adopting a Fock-space repre- 
sentation and diagrammatic notation from Hollands and Olbermann [2] for the free theory, we 
have explicitly constructed all OPE coefficients of the form {C\) h ipa and (Ci) 6 2(l , as well as a 

large class of coefficents (Ci) 6 ka , k > 2 and (C^)^, a in a model theory with ^-interaction on 
3-dimensional Euclidean space. 

These results were obtained with the help of an iterative algorithm first proposed in [J] (see 
also 3.2 ), which contains an inherent analog of renormalization via subtraction of counterterms. 
It was found by Hollands and Olbermann that this procedure could be neatly replaced in the 
free theory by a normal ordering prescription on the ladder operators in the mentioned Fock- 
space. As one might expect, however, the process of renormalization in interacting theories is 
considerably more complicated, in analog to usual formulations of perturbative quantum field 
theory. The constructions of section 3 constitute the first explicit example of this non-trivial 
process. 

We have found that one can again incorporate renormalization by bringing all ladder oper- 
ators into normal order. However, in the interacting case there is a finite difference between 
this procedure and the subtraction of counterterms arising from the general algorithm (see e.g. 
eq. 3.2.16). In order to compensate for this difference, we have to add additional remainder 
operators, which in a sense contain all the non-trivial information on the remormalization pro- 
cedure, and are the main computational obstacle to proceed the iterative scheme. In order to 
find explicit expressions for these remainder terms, one has to perform divergent multiple series, 
subtract divergent counterterms and extract the finite difference. In result 3.4.4 we have defined 
the first operator of this kind, and in result 3.4.7 the second one is partially given. The compu- 
tational machinery applied to obtain these results consists of identities of special functions and 
of hypergeometric series. Most notably, the results of [39] and [40] have been of great help in the 
analysis of the mentioned infinite sums. At the heart of these identities lies DougalVs formula, 
see eq. F.4, which may be generalized to arbitrary dimension and should thus be of importance 
in more general models [2] . These findings constitute the first insights into the structure of the 
infinite sums appearing in the framework. 

Apart from these specific results on the OPE coefficients at first and second perturbation 
order, we have observed some general structures in the construction, which also apply to higher 
orders. These results are presented in section 3.5. We were able to give a result for a particularly 
simple class of OPE coefficients to arbitrary orders by extrapolating the knowledge gathered in 
first order computations. In addition, a general statement about the powers of logarithms ap- 
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pearing in arbitrary OPE coefficients was made. Finally, in section 3.6 we have shown in an 
example that our approach does indeed yield the same results as standard ones. 

Future research will be aimed at a better conceptual understanding of the underlying math- 
ematics of the framework, e.g. the interpretation of the left representatives as vertex operators 
[2], but also at a better understanding of the explicit computational obstacles. In particular, 
one would like to find ways to treat the infinite sums inherent in the framework in a general 
way. The results of this thesis may provide a first step into this direction, and future work 
could extend the results to higher orders and also to more general models in terms of spacetime 
dimension and type of coupling. Furthermore, a generalization of the framework to arbitrary 
(globally hyperbolic) background manifolds would be of interest, since the OPE is expected to 
play a fundamental role in the formulation of quantum field theory on curved spacetimes [14]. 
It may also be fruitful to study the relation to standard renormalization theory more deeply, 
and possibly to incorporate renormalization group techniques. 



Appendices 



A 

Table of OPE coefficients 



In the following table explicit results for OPE coefficients of the form {C n ) c ab are summarized. 
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B 

Multisets 



A multiset is a generalization of the notion set, where finite occurrences of any element are 
allowed. Equivalently, one may view a multiset as an unordered tuple. The concept was first used 
by Dedekind in 1888 and has since found applications in various fields of applied mathematics 
[41, 42]. A formal definition is given by 

Definition B.l (Multiset) 

Let D be a set. A multiset over D is a pair (D, f), where f : D — > N is a function. 

Remark: Any set A is a multiset (A, xa)j where \A is the characteristic function. Throughout 
this thesis, we denote multisets by capital fraktur letters 21, 23, £, . . .. 

One may also define a multiset by giving the list of its elements. In order to avoid confusion, 
we will use l-^ as brackets. Then for example the multiset 21 = (D = {a, b, c}, /) with 



fix €D) = 



may equivalently be written as 



21 = la, b, c, a 1 ) = la, a, b, c 1 ) = la, b, a, c 1 ) = . . . [ B.2 ] 

Many properties of sets can be naturally generalized to multisets. Here we only need the notion 
of cardinality. 

Definition B.2 (Cardinality of a multiset) 

Let 21 = (A, /) be a multiset; its cardinality, denoted by card(2l), is defined as 

card(2l) = /(«) 



for x = b or x = c 
for x = a 



B.l 



As an example, the cardinality of the multiset given in eq. B.2 is 4. Further, one can define the 
following operations between multisets: 
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Definition B.3 (Sum of multisets) 

Suppose that 21 = (A, /) and 03 = (A, g) are multisets. Their sum, written as 21 tfcl 03, is the 
multiset <£ = (A, h), where for all a £ A: 

h(a) = f(a)+g(a) [BAJ 

One can show that this sum operation has the following properties: 

1. Commutativity: 21 bid 03 = 03 W 21 

2. Associativity: (21 W 53) t±J £ = 21 W (03 tfcl £) 

3. There exists a multiset, called null multiset 0, such that 21 1±) = 21 

However, there is no inverse multiset, so this structure is not an Abelian group. 
Definition B.4 ( Union of multisets) 

Let 21 = (A, f) and 23 = (A, g) be multisets. Their union, denoted 21 U 03, is the multiset 
£ = (A, h), where for all a £ A: 

h(a) = max (^f(a),g(a)j { B.b) 



Definition B.5 (Intersection of multisets) 

Let 21 = (A, f) and 03 = (A, g) be multisets. Their intersection, denoted 2tn03, is the multiset 
£ = (A, h), where for all a G A: 

h(a) =min(/(a), 5 (a)) CM) 



As in the case of ordinary sets, the notions of union and intersection are commutative, associative, 
idempotent and distributive. One can illustrate these operations on multisets with the following 
example. Let 21 be the multiset given in B.2 and further let 

03 = la,c,d$ . 

Then the definitions above imply 



21 W 03 = la, a, a, b, c, c, d] 
21U03 = '[a,a,b,c, d^ 
21 n 03 = la,c] 



B.7 



B.8 



B. 



c 

Hypergeometric series 



Due to their appearance in calculations in all fields of physics, hypergeometric series have received 
increasing attention over the last decades. In this chapter, after a brief introduction into the 
notation, definitions and basic results on hypergeometric series, we state the identities used in 
the computations of this thesis. For proofs and additional results on the topic we refer the reader 
to the literature [31, 43]. 
The series 



2 F 1 (a,b;c;z) :-- 



(a) n (b) n z r 



oo 

n (c)n n\ 



;a,b,c,z£ 



CcT] 



is called hypergeometric series or also Gaussian hypergeometric series, as it was introduced into 
analysis by Gauss in 1812. Here the Pochhammer symbol 



(A)„ := 



T(A + n) 

r(A) 



where T(z) is the Gamma function 

j^t z - l e^dt, Re(z)>0 



T(z + l)/z, 



Re{z) <0; 2^-1,-2,-3,... 



CC2] 



was employed for convenience. We call a, b and c the parameters of the hypergeometric series 
and z its argument. A natural generalization of eq. C.l is 



■ ) Fq\Oix 1 . • • , Clp'-, Pi, ■ ■ . , Pq] z) — p^q 



Oi\ , . . . , CXp 
Pi,..., Pq 



n=0 



(ai) n . ■ ■ (a p ) n 

{Pl)n...{P q )n U\ 



(Ta) 



with oti,Pj G CVi G {1, . . -p},j G and p, q G N, which is known as the generalized 

hypergeometric series. 



Convergence 

The generalized hypergeometric function, eq. C.4, converges for \z\ < oo if p < q and for \z\ < 1 
if p = q + 1. It diverges for all z ^ if p > q + 1. Furthermore, if we set 
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3=1 



V 



C.5 



3=1 



then the series p-Fp+i with |z| = 1 is absolutely convergent if Re(cj) > and divergent if 
Re(w) < — 1. If oj E Z, then it is customary to refer to the corresponding class of hypergeometric 
series as uj-balanced hypergeometric series. A one-balanced series is also called Saalschiitzian 
series. 

It is often necessary in the calculations of chapter 3.4 to analyze the divergent behavior of 
zero-balanced hypergeometric series in the limit z — * 1. Therefore, the formula 



T(a 1 ) ■ ■■T(a p+1 ) 



"p+1 



; z 



Pi, . . . ,(3 P 

will be of great value. Here we defined (see [43]) 

L{p) := 2V(1) - V>(«i) " V(«2) + B(p) 

and 



L(p)[l + 0(1 - z)\ - log(l -*)[! + 0(1 - z)] fC6] 



aiQ!2 



p+1 



,i=2 i=3 



p p+1 
ft-as + l, EPj- E«j + 1,1,1 

3=2 3=3 ; 1 

qi + l,a 2 + 1,2 



/ p p+i \ 

p (^jfc_i - a k+1 ) [J2 03 ~ E a 3 r («l) • • • T ( a k) 

\j=k j=k+l I 



/ p p+1 \ 
fc = 3 r(/3 1 )-.-r(/? fc _ 2 )r £ ft- E "3 + 1 

\j=k-l j=k+l J 

( V P+1 \ 

^ (/3 fc _i - a fe+ i + 1); E Pj ~ E a i + 1 

^ T~v Wi \ feiVl 

/=0 (i + i)! E Ps- E oj + i) 

\j=k-l j=k+l J l 



ax,...,ak 

A,...,/3 fc _ 2 , £ (3j- £ aj + l + l 
j=k—i j=k+i 



[C8] 



D 



Spherical symmetries in Euclidean spaces 



As probably the most intuitive kind of symmetry that is frequently present in various problems 
in physics, rotational symmetries have naturally been studied extensively, as documented in the 
vast amount of literature on the topic. By axiom 2, symmetries of this kind will also appear 
in our framework, and should thus be expected to play a prominent role in simplifications of 
explicit calculations. In the following two subsections, we want to recall some basic results from 
the analysis of such symmetries, first for the general case of arbitrary dimensional space and 
then for the special 3-dimensional case of relevance for the calculations of this thesis. 

The first subsection will mainly be concerned with some special functions related to spherical 
symmetries, most notably the spherical harmonics in D dimensions [44, 30]. After stating 
the definitions and basic properties of these functions, we will derive some results needed in 
section 3.1, in particular concerning the relationship between a basis of spherical harmonics and 
traceless, totally symmetric tensors. Then additional properties of the special D = 3 dimensional 
case are recalled [33, 45, 46]. Emphasis will be shifted to group theoretical results, which were 
first introduced into physics in the context of quantum mechanics. 

D.l Euclidean spaces of arbitrary dimension D 

In a setting where spherical symmetries are present, it is often desirable to express formulas 
in terms of functions, which are invariant under these symmetries. Let C(S D ~ 1 ) be the (pre-) 
Hilbert space of continuous functions S D ~ 1 — ► C, where S®^ 1 is the (D — l)-dimensional unit 
sphere, with scalar product 



Then the following three definitions describe convenient properties we would like these functions 
to employ. 

Definition D.l (Invariant spaces) 

Let 0(D) be the orthogonal group of degree D, i.e. the group of all real D x D matrices A 
with A T = A -1 . A linear space I € C(S D ~ 1 ) is called invariant or stable if for all f £ I 
and all A £ 0(D) we have f(Ax) G 1. 
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Definition D.2 (Irreducibility) 



An invariant space 1 is called reducible if it can be split into two nontrivial invariant sub- 
spaces T\, Z2 with X\ -LI2. Otherwise, the space is called irreducible. 



Definition D.3 (Primitive spaces) 



A space X is called primitive if it is invariant and irreducible. 



In the following we turn to the explicit construction of a primitive space in arbitrary dimension 
D, namely the space of spherical harmonics. The latter are most straightforwardly introduced 
with the help of the linear space TL n (D) of homogeneous polynomials of degree n in D-dimensions, 
which consists of elements of the form 

H n (xi,. . . ,x D ) = ^2 a il: ... :iD x^ ■ ■ -x % £ { D.1.2) 

K(D)l=ra 

with aj lv .. 5 j D G C, ij £ {1, . . . ,n} and |im)| = i\ + 12 + ■ ■ ■ + id- Furthermore, a homogeneous 
polynomial of degree n > 2 that satisfies \3H n = is called homogeneous- or solid harmonic. 
Now we are ready for the central definition of this section: 

Definition D.4 (Spherical harmonics in D dimensions) 



The restriction Y n (D; x) of the homogeneous harmonic H n (x) to S , i.e. 



H n (rx) = r n H n (x) =: r n Y n {D; x) , { D.1.3J 

is called spherical harmonic of order n in D dimensions. The space of such functions 
is denoted by y n (D) with basis elements Y nm (D) labeled by an additional parameter meZ. 



Alternatively one might give a more abstract, but also more easily extendible definition of 
spherical harmonics. Namely, we can define the space y n (D) as the space of eigenfunctions of 
the Beltrami operator A* D _^ on S ^ 1 , defined via = d^. + ^^d r + ^A^^, to the 

eigenvalue — n(n + D — 2). 

In the following, we sum up some basic properties of spherical harmonics without giving any 
proofs, which may be looked up in the cited literature: 

• the space y n (D) has dimension N(n,D), where 

f 1 for I = , . 

N(n,D) = t { 2i+D-2)(i+D- 3 y. , ,. n , I D-1-4 J 

[ (D-2)W. ior i > u 

hence the parameter m labeling the basis elements Y nm (D) goes from 1 to N(n, D) 

• the spaces y n (D) for n = 0, 1, . . . are primitive with respect to 0(D) 

• the spherical harmonics are complete in C(S D ~ 1 ), i.e. the set of linear combinations of 
spherical harmonics are dense in C(S D ~ 1 ) 

• from here on, we will denote by Y nm (D; x) an orthonormal basis of y n (D), i.e. 

/ dn Y nm (D; x)Y n , ml (D; x) = 5 nn >5 mm > , ( D.1.5 ) 
Jsd- 1 

where the bar denotes complex conjugation, and by 

/ \ V 2 

S nm (D-x)= ( N °° D) ) Y nm (D;x) { D.1.6) 
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a reparametrization of this basis (which is not normalized anymore) with <td = \S D l \ 
being the surface area of the D — 1-dimensional sphere 

the following addition theorem holds for the basis elements defined above: 



N(n,D) 

V Y nm {D; Xl )Y nm {D;x 2 ) = W ' P n {D; Xl • x 2 ) { D.lj) 

m=l 
N(n,D) 



5 nm (D;xi)S' nm (L>;x2) = P n {D; x\ ■ x 2 ) , { D.1.8 J 



m=l 



where P n (D] x) is the Legendre polynomial in D dimensions defined as 
Definition D.5 {Legendre polynomial in D dimensions) 



Let L n {D; x) be a homogeneous harmonic with the following two properties: 

• L n (D;x) is isotropic&lly invariant with respect to the axis (—££>,££>), i- e - L n (D; Ax) = 
L n (D; x) for all A GO(D) satisfying Atn = eo for a vector ery G S ^ 1 

• L n (D; e D ) = 1. 

Then L n {D]x) is called the Legendre harmonic of degree n in D dimensions and the 
Legendre polynomial P n (D; t) with t 6R is defined via L n (D; x) = P n (D; t), where polar 
coordinates x = ten + \/l — t 2 xd-i were used. 



Remarks: 

• P n (D; t) is a polynomial of degree n in t with the properties P n (D; 1) = 1 and P n (D; —t) = 
(-l) n P n (D;t) 

• the generating function of the Legendre polynomials is 

E("-3 3 )™^(rr^)^ /2 ^ 

n=0 x ' x ' 

where D > 3, < x < 1 and -1 < t < 1. 

• Legendre polynomials obey the orthogonality relation 

T dx(l - x^-^P^D-x^^x) = 8 IV ° D 1 CdAAO] 

J-l ^(D~l)^{hL>) 

Of course, many additional properties and alternative definitions of spherical harmonics and 
Legendre polynomials can be found in the literature on the subject [44, 30]. In the context 
of this thesis, however, the above general relations should be sufficient, and we now focus on 
some specific results that are needed in the calculations of our framework. First, in section 3 we 
made use of the following isomorphism between spherical harmonics Y nm and totally symmetric, 
traceless, orthonormal tensors t\ m 

(*lm) w - w = ci f dn x^ ■ ■ ■ x^Y lm (x) . { D.l. 11) 

Here we want to derive the normalization factor q . Orthonormality of the t[ m means 
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tlmtlm = 1 • [ D-1.12] 

As mentioned above, the space of spherical harmonics for given I has dimension N(l, D), which 
implies by the isomorphism, eq. D.l.ll, that this is also true for the ti m . With this information 
we can determine q as follows: 

N(l,D) =J^& m 

m 

=l c '! 2 E f d i dn x dn y Y lm (D;x)Y lm (D;y)x Ul ...x tliy y^...y^ 
=\ci\ 2 \a D J2 j dn x Y lm (D;x)Y lm (D;e)x l e [ D.1,13) 

=\ Cl \ 2 a {D _ 1) N(l, D) J ^ dx e P Z (L»; x e )x l e {l - x 2 J°- 3 ^ 2 



,2. ™ r(D/2)Z! 



| Q |V D iV(Z,D) 



F(l + D/2)2 l 



The third equality holds because of rotational invariance, i.e. we simply performed the angular 
integral over y by replacing y — > e, where e is any unit vector, and multiplying with the surface 
area of the D — 1-dimensional sphere. We also abbreviated x ■ e by x e . Then the addition 
theorem, eq. D.1.7, was used and the integral over the D — 2-dimensional sphere was performed. 
Finally, by the orthogonality relation for the Legendre polynomials D.1.10 and the expansion 
(see [44]) 

P,(D-x) = 1 T ( l + D / 2 ) 21 X i + Q( i-2s f D 1 14] 

l[ ,X) N{l,D) T{D/2)l\ X+U ^ x > l^iAJ 

we obtain the last equality. This confirms our definition 

2 l T{l + D/2)\ 1/2 



Hr(D/2)* D ) 

of section 3.1. In another calculation of that section we used the identity 



(-i)^ • • • d^~ D = c T ^ r( ^ r + ( ff 2 _ 2 | /2) (^) m ,,.,^ m (x)r 2 -^ , fpXTe) 



which we show to be valid now. First observe that 

dr d x„ d 



ox^ or r or 



Successive application of this relation yields 



(-r/d w • • • d^r 2 ~ D = (-1)^ • • • =^-(2 - D) ■ (-D) ■■■{4-21- D)r 2 -°- 1 . { D.1.18] 
From eq. D.l.ll one can easily derive (as also noted in eq. 3.1.20) 

• • • *«} = <h 1 tf m U~*SY lm (x) . { D.1.19] 

Substitution of this formula into eq. D.1.18 and simple algebraic manipulation gives the pro- 
claimed result. 
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D.2 3-dimensional Euclidean space 



Having discussed the special functions appearing in the analysis of spherical symmetries in an 
Euclidean space of arbitrary dimension D in the previous section, we from here on focus on the 
case D = 3, which describes the space our toy model of section 3 lives on. First, some of the 
above general results are repeated in the special D = 3 version, before we come to additional 
group theoretic results familiar from the analysis of angular momenta in quantum mechanics. 

Let us rewrite the central formulas of the previous section for D = 3. First, the space yi(D) 
of spherical harmonics of degree I has dimension N(l,3) = 21 + 1. The basis elements Yi m of 
this space are parametrized by m £ Z, with —l<m<l. Further, yi{D) is an irreducible, 
0(3)-invariant, space of functions for any I, and the spherical harmonics are complete in C(S 2 ). 
In the following, we omit the label D and implicitly assume D = 3, e.g. we write Yi m {x) instead 
of Yi m (3; x). The addition theorem then takes the form 



1 9/ + 1 

Y lm { Xl )Y lm {x 2 ) = — ^^(xx-xa) ( D.2.1 J 



47T 

Sim{xi)Si m {x 2 ) = P/(ii-x 2 ), ( D.2. 2 ) 



rn=—l 
I 



m=—l 



where 



Si m {x) = [1^) Yim(x) . 
Here Pi is the usual Legendre polynomial with generating function (see [31]) 



1/2 



1 + x 2 - 2xt 



1/2 



Y,x l Pi(t) for \x\ < mm\t ± (t 2 - l) l / 2 \ 

1=0 

00 

]T x- ,_1 J^(t) for |x| > max \t ± (t 2 - l) 1 / 2 ] 
1=0 



{ D.2 A) 



As mentioned in section 3.2, we chose a toy model on 3-dimensional Euclidean space, because 
the representation theory of the corresponding symmetry group is comparably simple and famil- 
iar from the quantum mechanics of angular momentum [33, 45, 46], where spherical harmonics 
are the eigenfunctions of the operator of orbital angular momentum. In the remainder of this 
section, we will be concerned with the decomposition of products of spherical harmonics into 
irreducible parts. By this procedure, we can put our OPE coefficients into a convenient form 
that simplifies the differential equations 3.2.8. 

For this purpose, let us briefly recall the addition (or coupling) of angular momenta from 
quantum mechanics. Given two systems with angular momentum quantum numbers (ji,mi) and 
(j2; m -2) and corresponding eigenstates \ jim\) and \j2m2) of the angular momentum operators 
J 2 , J\ z and J 2 , J2Z1 there are different ways to express the combined system. On the one hand, 
one may use the direct product \j\mi) (8) | ^2^2) = |jij2 r? T'i 77 ^2) of the constituent states, which 
is an eigenstate of all four operators J 2 , J\ z , Jf, and J\ z . It is easy to see that this product state 
is reducible, despite the irreducibility of both \ j\m\) and ^2^2)- Alternatively, one may choose 
the system to be described by eigenstates \3\j2JM) of the operators Jf , J|, J 2 = (Ji + J2) 2 
and J z = J\ z + J22. Contrary to the direct product case above, these states are also eigenstates 
of the total angular momentum operator J 2 and hence irreducible. It is an important fact for 
quantum mechanics that there exists a unitary transformation between the two mentioned sets 
of states describing the coupled system, which has the form 
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\jihJM) = Yl \j1j2m1m2) {jihrniTnvljihJM} 

mi, ma f q 2 5I 

\jij2in 1 m 2 ) = Y \hhJM) {jij2JM\j 1 j 2 m 1 m 2 ) — '—^ 

J,M 

where the expansion coefficients {jij 2 mim 2 \jij 2 JM} = {jij 2 JM\ jij 2 mim 2 ) are called Clebsch- 

Gordan coefficients (CG coefficients). For the sake of brevity, we will often use the notation 
{jij2mim2\JM) instead. The Wigner 3 j- symbol defined by 

(hj2rn im2 \J-M) = (-iy^- M (2J+l) 1 / 2 ^ i ^ £\ [dJ^] 

is also widely used because of its additional symmetry properties. Let us briefly recall some 
basic features of CG coefficients: 

• CG coefficients satisfy the orthogonality relations 

^ (jij2JM\j 1 j 2 m 1 m 2 ){jij 2 m 1 m 2 \j 1 j 2 KQ) = 5 jk Smq { D.2.7 ) 

m\m2 

^2{jij2mim 2 \jij 2 JM) (jij 2 J M \ ji j 2 m' 1 m 2 ) ( D.2.8] 

JM 

• they vanish unless the triangle inequality 

\h-32\<J<3i+32 { D.2.9) 
and the condition m\ + m 2 = M are fulfilled 



Before we come to the desired relation transforming a product of spherical harmonics into 

J 

MM' 



irreducible parts, we study the rotation matrices D MM ,(a, /?, 7) defined by 



^jm{x') = ^D J MM ,(a,P, 1 )ijjM>(x) [ D.2.10) 

M> 

where ipjM is the wavefunction of a quantum mechanical system with angular momentum quan- 
tum numbers J and M, and x' is obtained from x by a rotation of the coordinate system by 
the Euler angles (a, /?, 7). Thus, rotating the coordinate system on both sides of eq. D.2.5 by 
<jj = [a, /3, 7) and using orthogonality of the states, we arrive at the Clebsch-Gordan series 

D^nM&minM = E {jxhmim 2 \ JM) D J MN {u) (JN\jij 2 nin 2 ) { D.2.1l] 

JMN 

and equivalently 



Dmn(") = E (^b'l^mima) £% im (w)D* na (w) <jij 2 nm 2 | JiV) . ( D.2.12) 

mi,m2,ni,n2 

Now let us draw the connection to the coupling of spherical harmonics and consider the rotation 

(07 1 1 \ !/ 2 
-^J Pz(cose), ( D.2.13] 

where the second equality is a standard identity from the theory of special functions. Comparing 
this equation to the addition formula D.2.2, we immediately obtain 

/ 4 \ l / 2 
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Substituting this connection between rotation matrices and spherical harmonics into eqs. D.2.11 
and D.2.12 we finally arrive at the desired coupling rule for spherical harmonics with the same 
argument. 

Si imi {x) s hm 2 (x) = Y^(hhmim2\lm)(l0\l 1 l 2 00) Si m (x) 

i 

Si m (x)(lil 2 00\lO) = S {lm\hl 2 m 1 m2} Si imi (x)Si 2m2 (x) 

m\ ,m,2 

Here we used the unnormalized spherical harmonics for convenience. The CG coefficient with 
magnetic quantum numbers equal to zero, i.e. the coefficient of the form (Z1Z2OOIZO) , is sometimes 
called parity coefficient in the literature (see e.g. [46]), because it vanishes unless the sum of its 
entries is an even number, i.e. 

{hl 2 00\lO) = if h + l 2 + l = 2n + l withneN. ( D.2.16) 

Further, this coefficient is related to the Legendre polynomials by 

(hl 2 00\J0) 2 = J dyPj(y)P h (y)P h (y) , ( D.2.17) 

and explicitly takes the values 



( D.2.15) 



(hi 2 oo\Jo) = (-1) — 2 



h+h+ll (2J+1 T{ h+h 2 J+1 )T{ h - h + J+l )T{ h - h + J+1 )T{ 1 -^^ + 1) V /2 



D.2.18 



Eqs. D.2.15 are the central formulae of this section. It is obvious that by successive application 
of these equations, one may decompose products of any number of spherical harmonics. 



71 

Sl imi (x)Sl 2m2 (x) ■ ■ ■ Sl nrrln (x) = J] ^ (^12...(i-l) ^™-12...(i-l) m i Kl2...i"il2...i) {ll2...M /l2...(i-l)^00) 

»=2 (12. ..i 

X ^Il2...nmi2...n(^) 

=: y~]T[-(hmj), -{hm 2 ), -(l n m n )]j M Sj M (x) 
J 

fDT2l9 j 

where we defined the coupling tensor 



r[-(Zimi), -(l 2 m 2 ), -(l n m n ))j M ={li2...( n -i)ln'mi2...(n-r)' m n\JM) 

n-l 

J] ^2 (^12...(i-l)^^12...(i-l) m ^12...jm-12...i)(^12...i0|/i2...(j_l)/i00) . 
*=2 ll2...i 

{ D.2.20) 

Products containing complex conjugate (or contragredient) spherical harmonics may be treated 
analogously. We choose the so called Condon-Shortley phase convention 

S^(x) = (-l) m S z( _ m) (x) =: S lm (x) { D.2.21) 

and write 
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S hmi (Z) ■ ■ ■ S lam "(x)S la+ima+1 (x) ■ ■ ■ S hmb (x) = 

^2 T[+(hmi), ... + (l a m a ), -(l a+1 m a+1 ), .... - (l b m b )] JM S JM {x) 
J 



with 



T[+(Zimi), . . . + (l a m a ), -(l a+1 m a+1 ), .... - (l b m b )] JM = 

( _ 1) m 1 +...+m oT[+( j i( _ mi))) _ _ _ + (Z a (_ ma )), +(l a+1 m a+1 ), .... + (l b m b )} JM 



{ D.2.23) 



E 

The characteristic differential equation 



As we discussed in section 3.2, our iterative scheme for the construction of OPE coefficients 
consists basically of two steps: Perform infinite sums of the form of eq. 3.2.16 to determine all 
coefficients at a given order and use the field equation, or more precisely eq. 3.2.8, to proceed to 
the next perturbation order. As mentioned in that section, most calculational effort goes into 
the former step, i.e. the infinite sums. In the present section we show how to perform the latter 
step, i.e. solving the differential equation 



for any i, k £ N and in arbitrary spacetime dimension D. We assume that any left representative 
takes values in the ring of functions 



Y(x) = C[r,r~\logr] ® {Y n (x; D)} <g) End(V) . 
Thus, an arbitrary element 3^(|^), x) £ Y is of the form 

yi(\v),x) £Y = ^A lAqJM (\v})r d (logr)<>Yj M (x,D) 



LE2J 



E.3 



with Ai^, q ,j,M £ End(V). Note that this assumption is consistent with our free theory results. 
Now in order to find a solution to the differential equation E.l we define a right inverse to the 
Laplacian, i.e. an operator d -1 G End(Y) satisfying 



□ oD 



-i 



id 



E.4 



A solution to the differential equation is then simply found by the application of this operator 
on yi-i(tp k , x). This can be seen from 



ny i (cp,x) = y i - l (<p k ,x) = n n- 1 ^-^/,^) 



E.5 



and therefore 



y^x) = n- 1 y l _ 1 (i P k ,x) 

is the desired solution. Our explicit choice for d -1 is 



□ 



-i 



r d Y JM (x; D){\ogrY = r d+2 Y JM (x; D)(logr)* • D?{d + 2, J,r) 



{ E-7J 
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with 



D^ p \d,J,r) 



v 

E(-i) 

8=0 
V i 

i=0n=0 



p!(logr) 



(p+l-j)!(2d+l) ! 



and 



; p!(iogQ 1 

( P -i)\(d-J)"+ 1 (d+D-2+jy-"+ 1 



a- 1 (o) = o . 



for J = min{|d|,|d + L>-2|} 
otherwise 



Cm) 



Expressing the Laplace operator in spherically symmetric form, i.e. using the form of □ given 
below def.D.4, one can check by straightforward calculation that this definition does indeed yield 
a right inverse to the Laplacian. Note however that this choice is not unique, since we may add 
any A £ Y with A € ker □ and would again obtain a right inverse. These functions A are the 
harmonic polynomials in x with values in End(V). 

In the computations of section 3.4 we will need the explicit form of D^ p \d, J,r) in D = 3 
dimensions and for p £ {0,1}, which are 



L> (0) (d,J,r) =: D(d, J, 



l 

d(d+l)-J(J+l) 



log r 
2d+l 



for min{|d|,|d+l|} / J 
for min{|d|, \d+ 1|} = J 



CM) 



and 



/ logr _ 1_ 



for J = min{|d|, \d+ 1|} 



DU(d,J,r)={ W (M+1)2 ^ ri i."M— ./ ^ 

I I 1 (2d+l)(logr) \ ,i „ • „ ^ ; 



/ 1 (2d+l)(logr)- 1 \ 

^d(d+l)-J(J+l) [d(d+l)-J(J+l)]V 



otherwise 



F 

The characteristic sum 



Due to the iterative nature of the construction described in section 3, one expects certain patterns 
to appear in the calculation of OPE coefficients. In this section we analyze one such expression, 
which characteristically shows up in first order calculations. Namely, as we saw in section 3.4, 
sums of the general form 

S ^M- ^ a{a+l)-J{J + l) ^ 

J=|il-i2l 

with li,l2,a G N are typically present at first perturbation order. The denominator is familiar 
from the solution of the differential equation relating the coefficients of the free theory to the 
first order coefficients, see eq. E.10 while the CG coefficient results from the coupling of angular 
momenta as discussed in appendix D.2. In the following we will first give some general simpli- 
fications of this sum, and afterwards distinguish different special cases of the parameters. This 
analysis is based on the results of [39, 47, 48] and [40]. 

First note that we may extend the summation limits arbitrarily, as the CG coefficients auto- 
matically vanish if the triangular inequality D.2.9 is not satisfied. Thus we may write 

qn , , f (liZ 2 00|J0) 2 

S(k,l 2 ,a) :=E a(a + 1 )_ J(J+1) - ^ 

Jjta 

Further, we may express the CG coefficients through an integral over Legendre polynomials by 
eq. D.2.17, which yields 

i 00 2 7 + 1 f 1 

sil ^ a) - 2 E „( B+ i)- J( j + i) JjyPM^ivWM ■ (3D 

In order to get rid of the sum over J we would now like to apply Dougall's formula (see [31]) 
v{y+ 1) - k(k + l) k[y> sm(iru) 



fc=0 



but as a G Z, this is clearly not possible at this stage. Hence, we first have to use the little trick 
of writing our sum as the limit 
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S(h,h;a) = - lira 

Z v—>a 



. 1 \ J=0 



2J + 1 



1 



1/(1/ + 1) - J( J + 1) y ' 2a + 1 



F.5 



Here we may use eq. F.4, and after carrying out some derivations and the limit we arrive at the 
convenient form 



1 



S(h,l 2 ;a) = - / AyP h {y)P l2 {y) 



-i 



(-1) 



1)a dPu(-y) 



0i 



1 



a + 2a + 1 



P a {y) 



F.6 



The derivative of the Legendre function with respect to its degree has been discussed in [40], 
where the explicit form 



dP v (x) 



Oi 



1 + x 

= P n (x)\og— h Rn(x) 

u=n Z 



F.7 



was derived. Here R n is a polynomial defined as 



n—i r,, , 

R n {x) := 2[^{2n + 1) - ^(n + l)]P n (x) + 2 D" 1 )^ (n _ fc)(w + fc + 1} W > 



where is the digamma function [31, 32] 

^(n + l) = -7 + X^r 



k 
k=l 



with the Euler-Mascheroni constant 7. Using this explicit form of the derivative in eq. F.6, we 
obtain yet another expression for our sum. 



S(h,l 2 ;a) = l f P h {y)PiM{z E 

~ 1 1 17 1 



k=\h-h\ 



2k +1 
(o(o + l) - k(k + l)) 



Pk{y)+ 



-P a {y) 



log 



1-2/ 



+ V(2a + 2) + ^(2a + 1) - 2ip(a + 1) 



dy 

F.IO) 



This concludes our discussion of the general form of the sum 5, and we will now use these results 
in order to further simplify the sum for special choices of the parameters h,l2 and a. 



F.l The cases a < |/i — Z2I a"d a > h + h 

Let us first consider the case a < \l\ — Z2I m eq. F.10. First we note that there is no sum over k 
in this case. Further, all expressions containing the integral f_ l Pi 1 (y)Pi 2 (y)P a (y)dy vanish, as 
the triangle inequality D.2.9 is not satisfied. Therefore, only the term containing the logarithm 
remains. 

S(h,l 2 ;a<\h-l 2 \) = ~ J P h (y)Ph(y)Pa(y)log(l-y)dy [ F.l.l) 

Similarly, the integral f_ x Pi 1 (y)Pi 2 (y)P a (y)aly also vanishes if a > h + h- In this case, the sum 
over k in eq. F.10 goes from \l\ — l 2 \ to l\ + l 2 . Recalling the original form of our sum S from 



F.2. THE CASE A + L x + L 2 = ODD 
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eq. F.l, we notice that the sum over k is just 2 ■ S in the case at hand. Subtracting 2 • S on 
both sides of equation F.10 and multiplying with (—1), we obtain the simple form 

1 f' 1 

S(h,l 2 ;a>h+l 2 ) = -- J Pi 1 (y)P l2 (y)P a (y)log(l-y)dy. { F.1.2] 



F.2 The case a + l\ + Z2 = odd 



If the sum of the parameters l±, l 2 and a is an odd number, the sum S simplifies drastically. This 
is also the case that has been studied most extensively in the literature (see [39, 47, 48]). The 
simplification is most easily derived from the form F.6 of our sum. To begin with, note that the 
second summand, i.e. the term without the derivative, vanishes, due to the parity requirement 
of the CG coefficients D.2.16 (alternatively, one may deduce this result from the fact that we 
integrate over a function of odd degree). Additionally, as we will show in the following, the 
derivative of the Legendre function in the remaining term may be written in a convenient form 
in the underlying case. 

With the help of the identity (see e.g. [31] or [32]) 



Pp(—x) = cos pirPp(x) sin pirQ p (x) 



where Q p is the Legendre function of the second kind, and the special case P n (— x) = (— l) n P n (x) 
for the Legendre polynomial, we may perform the following simple transformations 



J Ph{x)Pi 2 {x)dx = J ^- (cosvttP u (x) - ^ sin uttQ^x)^ P h (x)Pi 2 (x)dx 

P h (x)P h {x)dx 



d 



-If ( — P v {x) ) +2 -(-l) a+1 Q a (x) 







_ ir +h+h I » p u{x) j p h{ _ x) p h{ _ x) + 2 . (-l)"+l Qa ( x )P h ( x )P h ( x ) 

V / u=a 

/j (^ P "( _a? )) P h (x)Pi 2 (x)dx + 2- J ^Q a {x)P h {x)P h {x)dx. 



dx 



In the last step we used the fact that a + l\ + l 2 is odd by assumption. Comparing both sides 
of this series of equations, we observe that in the underlying case we may simply replace 



under the integral in eq. F.6. In summary, we have just found the simple result 

1 f 1 

S{h,l 2 ;a\l 1 +l 2 + a = odd) = -- J ^dy P h {y)P h {y)Q a {y) . 

It was shown in [ ] that this integral vanishes for \l\ — l 2 \ < a < l\ + l 2 , which means 

S(l\, l 2 ; a\l± + l 2 + a = odd, |/i — l 2 \ < a < l\ + l 2 ) = . 
If the parameter a does not lie within this range, the solutions 



QT23) 
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•l ,1 



r(j + l)r(j + h + l)T(j + l 2 + l)T (j + h + i 2 + 
l)r(j + i 2 + l) 



2T(j + i)v(j + h + |)r(j + h + |)r(j + h + h + 2) 



with j E N are obtained (see [47] and [48]). 



G 

Proofs 



Here we gather some lengthy, more involved computations for the sake of readability of the main 
text. 



G.l Proof of result 3.4.4 



Translating the corresponding diagrams into an explicit equation using the rules of section 3.3, 
we arrive at the formula 



(Ri)^(x) =5( 



+ 



i 1 i 1 



oo oo 



5 E /+1 ^-^)^^ 4 ^;rf) 

d=— oo j=0 



oo / l+j 

+E E 

1=0 \ J=\i-j\ 

\J#m(I+d) 



l+j 

+ E 



0700| JO) 1 



(Z + d + 2)(7 + d + 3) - J(J+1) 2(7 + d) + 5 



+ 7tt, lQg r . . 07 00|m(; + d)0) 2 



0700| JO) 1 



+ 



logr 



J=\t-i\ 

J^m(i-d-l) 



(d+l-Z)(d + 2-Z)- J(J+1) 2(d-i) + 3 



: (j/00|m(d- I - 1)0)' 



J 



where the identity D.2.15 was used to couple the spherical harmonics and with m(d) defined as 



m(d) :=min(|d + 2|,|d + 3| 



G.1.2 



We are especially interested in the sum over the contraction index I, since only this sum may 
contain infinite expressions after taking matrix elements. Therefore we omit the first line of 
the above equation in the following calculations and may easily restore it in the end. By a 
straightforward computation one can check that if we replace d+2 — ► — d— 2, then the expression 
in brackets stays the same except for the sign in front of the logarithmic term in the last line, 
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which then becomes a minus. Thus, it is sufficient to consider only the case d + 2 > 0, since the 
other values of d can then simply be determined by the mentioned symmetry. 



The logarithmic terms 



Let us first focus on the logarithmic terms in eq. G.l.l. With the assumption d + 2 > we 
can deduce 



m(Z + d) = I + d + 2 



( G.1.3) 



and 



i i - d - 2 for / > d + 2 rrTTi 
m(d " Z - 1) = i forZ<d + 2 



and perform the following manipulations 



logr ^ 
.1=0 

oo 

dog r ^ 
.1= 

d+l 

log r ^2 



1=0 



(jZ00|(Z + d + 2)0)< 
2{l + d) + 5 



i / (z + d + 2; 





j I d+l -I 




d+l 

+ E 

2 d+l 



0'Z00|(d+ 1 -1)0)' 
2(d- I) +3 

j Z d + 1 - Z 




: - E 

Z=d+2 

2 00 

- E 

l=d+2 



Q7 00|(Z-d-2) 0) 1 
2(Z - d) - 3 



j Z (Z-d-2) 




( G-1-5J 



which is clearly finite for given d and j. Because of the mentioned antisymmetry around d = —2, 
the result for arbitrary d is 



logr ^2 
1=0 



(j'Z00|m(Z + d)0) 2 



2(Z + d) + 5 

|d+2|-l 
sign(d + 2) ^2 



+ 



(j'Z00|m(d- Z - 1)0) : 
2(d- Z) +3 



1=0 



J I 




|d + 2| - 1 - Z 



logr 



just as we claimed in eqs. 3.4.58 and 3.4.59. Note that this expression is zero when d+j = even, 
since in this case the 3j-symbol vanishes due to the parity condition. 



The remaining expressions in eq. G.l.l are of the typical form discussed in appendix F, where 
it was observed that sums of this type behave very differently for varying choices of parameters 
Z, j and d (corresponding to and a in eq. F.l). For that reason, we distinguish different 
cases in the analysis of the above formula: The case d+2 > j, the case d + 2 < j and d+j = odd 
and the case d + 2 < j and d + j = even (still assuming d + 2 > 0). These cases are related to 
the number q of annihilation operators in the left representative of eq. G.l.l, as we will see in 
the following. 
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The case q ^ 2 



The fact that the result for (Ri) {p 2(q / 2) is much simpler than for (Ri) ip 2(q = 2) is related 
to the following lemma, which cannot be applied in the latter case. 
Lemma 4 



V UmJQ) 2 (iioo|JO) 

^ ^ (Z + d + 2)(Z + d + 3) - JYJ + l) 4^ 



1=0 



(l + d + 2)(l + d + 3)- J(J+1) f-* (i-d-2)(i-d-l)- J(J+1) 

j^m(Z+d) J^m(l-d-l) 



V 

f|<f+2|-l Z+j 

G-|d+2|)(Z-|d+2|+l)-J(J+l) 



E E »-id+2nf£id+2iln-7f.7+n if |(i + 2| >j or d + j = odd 



Z=0 J=|i-j| 

denom.^O 



if | d + 2 1 > j and d + j = even 



Proof : We assume d + 2 > for convenience (recall that the results for negative values of d + 2 may 
be obtained from the symmetry around d = — 2). Let us first consider the case c? + 2 > j. Then also 
I + d + 2 > I + j, which according to eq. F.f .2 yields the simplification 



g (Z + d+2 )(Z + d' + 3)-J(J + l) = "2 g /_ x W^,) W.) logd - ») d, 



for the first sum we want to discuss. Note that here the denominator does not vanish for any value 
of J due to our assumption for d. Now let us come to the second sum and first consider only the case 
I > d+2 neglecting the remaining finite sum. Then it is evident, that the inequality I — d — 2 < \l—j\ 
holds, so that we can apply eq. F.l.l in order to obtain 

oo l+j 



t E g . < .,H-T^ t o |j f >' WIUjMW -^ 

o E / Pi+d+2(y)PMPi(y) log(i - v) dy . 
2 i^- 7 - 1 



Z=d+2 J=|i-j| v /v / \ / ;=d+2 

oo ^1 



I G1-9 J 

Comparing the two equations above, we see that these infinite sums cancel 



oo / i+j 

E E 

j=\i-j\ 

d+l 



0700|J0) 2 



1+3 

E E 

1=0 J = \i-j\ 

j^d+i—i 



(l + d+2)(l + d + 3) - J(J+1) 



E 

J=|!-j 



(jl00\J0) 2 



\ 



(I- d-2)(l-d-l) - J(J + 1) 



(J 



(^00 1 jo) 2 

2)(/-d-l)- J(J + 1) 



( G.l.io) 



which together with the symmetry around d = —2 confirms the first statement of our lemma. 

We proceed with the case d + j — odd, which is just the type of sum considered in section F.2 
of the appendix. Therefore we may now use eq. F.2. 4, which leads to the following simplifications 
(again assuming d + 2 > for the moment): 



108 



APPENDIX G. PROOFS 



£ £ p + 1 + 2)ff °'+ 3) - J( j + !) - 4 g /_', flMQfrWHWrt d, (ALU) 



i=0 J=|l-f| V ^ / V / J_Q . 



^ Q700IJ0) 2 = _ I V T 

^ V « — d — 2)(i — d— 1) — J(J + l) ~ 2^7, 



Pt(y)PMQi-d-2(y)dy 



Z=0 



( G.1.12) 

P i+rf+ 2(y)Pj(t/)Q/(y)dy. 



As mentioned in the appendix, these integrals vanish if the triangle inequality is satisfied by the 
parameters (see eq. F.2.5), and they cancel each other if this inequality is not satisfied (see eq. 
F.2.6). Therefore, also in this case we observe that the infinite sums cancel and we again obtain the 
result G.1.7 as claimed in the lemma. 

It remains to show that the sum under investigation vanishes if \d + 2| > j and d + j =even. In 
view of the previous results, this suggests that we have to show 



|d+2|-l l+j 



^ 4^ (l-\d + 2\)(l-\d+2\ + l)-J(J+l) J 

dcnom.^0 

if \d + 2 1 > j and d + j =cvcn. Let us again assume d+ 2 > for convenience. Since d + j + 1 =odd, 
we may apply eq. F.2.4 obtaining 



d+i l+j I - ;nn | 7n \2 d + 1 r 1 

dcnom.^0 

According to eq. F.2.5 this integral vanishes if the inequality 



<d+l-l<l + j { G.1.15 J 

is satisfied. This implies that only two partial sums remain: 



d+l .1 /V d+l \ „i 

£ / dyP j (y)P l (y)Q cl+1 -i(y)= E / dy P j {y)P l {y)Q d+ i-i{y) 

= E i dyP 3 (y)Pi(y)Q d+ i-i(y) + J^dyP j (y)Q l (y)P d+1 . l (y) S j=0 



[ G.1.16) 



The second line follows if we change the summation index I — > d+ 1 — I, and in the last equality we 
used eq. F.2.6. Thus, the proof of the lemma is complete. 

□ 

We are now ready to prove our results for {R{] tp 2{q ^ 2), eqs. 3.4.58 and 3.4.57. Let us 
start with the case q £ {0,4}, i.e. in G.l.l we consider only the contribution including four 
creation or four annihilation operators, h±i 1 ■ ■ ■ b-y 4 . The specific form of the left representative 
yo(ip 4 ,x) =: (yo(if,x)) 4 : then suggests that the power of r in these contributions is d = 
l\ + . . . + I4 for the contribution containing only creation operators, and d = —l\ — ... — Z4 — 4 
for the part including four annihilation operators. Further, coupling of the spherical harmonics 
Si imi • • • Si 4mi restricts the possible values of the spin j in eq. G.l.l to j = l\ + . . . + l± — 2k 
for k 6 N (due to the parity condition and the triangle inequality satisfied by the intertwiners). 
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Hence, for q € {0, 4} we have \d + 2\ > j and d + j = even, which implies that the logarithmic 
contribution vanishes (see discussion below eq. G.l. 6) and that also the remainig sums vanish 
by lemma 4. Thus, (Ri) ip 2(d,j,q £ {0,4}) = 0. 

Analogously, we find for q £ {1,3} that either d = l\ + . . . + I3 — 1 4 — 1 or d = l\ — 12 — ■ ■ ■ — I4 — 3, 
while j takes the same values as before. Thus, we are adealing with the case d + j =odd, which 
means that we find eq. G.l. 6 for the logarithmic contribution and that we may apply the first 
case in lemma 4 for the remaining sums. The result is eq. 3.4.58. 



The case q = 2 



It remains to verify our result for (Ri) ip 2(q = 2), which appears to be more complicated 
than the two previous ones. Here lemma 4 can not be applied, since \d + 2| > j does not 
hold in general. Therefore we have to analyze eq. G.l.l in its original form, i.e. without 
any simplifications. Nevertheless, also in the case at hand we are able to show that infinities 
do indeed cancel. Consider the part of eq. G.l.l with I > j. We can perform the following 
algebraic manipulations: 



00 


( l+j 


E 


E 


i=j 


, J=\i-j\ 

\ J^l+d+2 


00 


l+2j 


=E 


E 


1=0 


j=i 


J^l+d+j+2 


OO 


l+2j 


+E 


E 


1=0 j=i 

J^l+j-d-2 



(j700|J0) 2 _ , ^ 0'«M|J0> 5 

1) ^ 



(l + d + 2)(l + d + 3) - J(J+1) f^. (l-d-2)(l-d-l) - J(J+1) 



(j(l+j)00\J0) 



2 



{l + j + d + 2){l +j + d + 3) - J(J + 1) 

(j(l + j)00\J0) 2 

(l + j-d-2)(l + j-d-l) - J(J+1) 

d-2 

= v^ y- (i(/+j)00|(2J + /)0) 2 / 1 1 

f~i 2(2J + /) + l \j + d + 2-2J 2l+j + d + 2 + 2J + l 

J^(d+j+2)/2 

(j(/ + j)00|(2J + Q0) 2 / 1 1 

£jj 2(2J + /) + l \j - d-2-2J 2l+j-d-2 + 2J + l 

~ J=/t{j-d-2)/2 



i G.1.17) 



Here we simply changed the summation limits of the sums over I and J and expanded partial 
fractions in the last step. In the last equation we also made use of the parity condition on the 
Clebsch-Gordan coefficient, which restricts the sum over J to even values. We can now express 
the Clebsch-Gordan coefficient explicitly through gamma functions by eq. D.2.18 and write the 
resulting infinite sum as a hypergeometric series (see Appendix C) , which leads us to the rather 
messy formula 
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^ ( !+l Q700IJ0) 2 £i 

T(J+l) 2 T(j-J+l)T(J + j + l 



am jo)' 



l=j \ J-V , 



(l + d + 2)(l + d + 3)- J(J+1) ^ (l-d-2)(l-d-l)- J(J + 1) 



,_„ r(j + ipr(j- j + i)r(j + j + |: 



£ 

.7=0 

/ 

X 



4-F3 



i,j+i,j+j+l,j+i±|±5 



3-^2 



2J + j + d + 3 



+ 



J+l,J+j+f ' 



j + d + 2 - 2 J 



V 



r(j + i) 2 r(i- j+i)r(j + j + i) 



E 



.,_„ r(j+i) 2 r(i- j+i)r(j + j + D 



J^(j-d-2)/2 



4^3 



l,J+i,J+j+l,J+i=|=i 

2 



j+i,j+j+%,J+i=m ' 



3-^2 



2J + j-d-l 



+ 



1, J+|,J+J+1 _ 



j - d - 2 - 2J 



{ G.1.18J 



This form, despite its complicated appearance, allows us to analyze the divergent behavior of the 
infinite series by simply investigating the parameters of the hypergeometric functions involved. 
As mentioned in the appendix, hypergeometric series of the general form 



G.1.19] 



ai, . . . , a p+ \ _ 
01 , . . . , P 

converge for Pj — Yli a i ='■ k > 0. Thus, we immediately see that the hypergeometric 
functions 4F3 in eq. G.1.18 are convergent, as they are 1-balanced, i.e. k = 1. The series of the 
type 3F2, on the other hand, are O-balanced, and should thus not be expected to converge. The 
precise divergent behavior can be analyzed with the help of eq. C.6 from the appendix, which 
tells us that these hypergeometric series approach infinity as 



r(ai)r(a 2 )r(a3) 

r(/?i)r(/3 2 ) 



3F2 



a>i,a>2,a 3 



■l-E 



+ 



#1,02 

(01 ~ Q3)(/?2 ~ ag) 
ai«2 



4-^3 



: 2^(1) - ip(ai) - i/j(a 2 ) - loge 
1,1,01 - az + 1,02 - «3 + 1 



2,ai + I,a2 + 1 



G.1.20 



+ 0(e) 



if the series on the left is zero balanced and if Re(a3) > 0. Applying this formula to eq. G.1.18 
and extracting just the divergent part (i.e. the part proportional to the logarithm), we obtain 



lim 

e-+0 



* r(j+i)r(j- j + io g£ 

4-T T(J +l)T(j - J + 1) j + d + 2-2J 



J=0 
, J^(i+d+2)/2 



+ 



* r(j+i)r(j- io g£ 
4-f r(j + i)r(j- j+i) j-d-2-2J 



J=0 
J^0-d-2)/2 



1 G.1.21J 



Thus, we have indeed verified that all infinities cancel without the need of any exterior renor- 
malization procedure. However, we do not obtain a result as simple as eq. G. 1.7 in this CclSG, clS 
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the remaining hypergeometric functions of the type 4-F3 in eq. G.1.18 do not seem to cancel in 
general, leading to the complicated result 



V I V (m JO) 2 (j/00|J0) 2 



.„ X , + + 2)(* + d + 3) -J(J + . , 



(Z — d — 2)(Z — d— 1) - J(J + 1) 



E E 



0700| JO) 1 



Z=0 



E 



(/ + d + 2)(Z + d + 3) - J(J+I) + 5^., (Z-d-2)(/-d-l)- J(J+1) 

J — |Z j| J — \l j\ 

J^m(d-l-l) 

T{J+\fT{ 3 -J+\)T{J + j + l) 4i?3 



l,J+|,J+i+l,J+tt|+3 

J+i,J+j+|,J+i±f±5 ;i 



,_„ r(j + i)2r(j- J+i)r(j + i + f) 



J/(i+d+2)/2 



E 



r(j + i) 2 r(i- j+i)r(j + i + r 



4^3 



2J + j + d + 3 

l,j+|,J+j+i,j+i=|=l 



,_„ r(j + i)2r(j- j + i)r(j + j + §; 



2J + j -d - 1 



+ Ef^3 

J=0 \ 



l,l,J+l,J + i+| 

2,J+|, J + j + 2 ' 



(J+i)(J + j + l) 



r(j+^)r(j-j + i) 
r(j + i)r(j - j + 1) Vi + d + 2 - 2J 

=: R( q =2)(d,j) 



+ 



j^i+jBH j - d - 2 - 2 J 



( G.1.22 ] 



This completes the proof of result 3.4.4. 

□ 

It should be noted that the above discussion, especially eq. G.1.22, holds in general, i.e. in 
all three cases we distinguished, since we did not put any restrictions on d or j. Thus, we could 
have shown finiteness for all choices of j and d in just this one step. However, the particularly 
simple result G.1.7 does not seem to follow so easily from eq. G.1.22. Furthermore, we wanted 
to emphasize the contrast between the calculational simplicity of the first two cases (due to the 
identities of sections F.l and F.2) and the complicated expressions needed in the analysis of the 
last case. 



G.2 Proof of result 3.4.7 



Translating the three diagrams in eq. 3.4.96 into an equation, we find 
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x 



x - y\y (<p 3 ,x) 



oo oo oo / ■ 7/ 7 \ z / 7 

20 E E E EM + + D (J o o 1 ) (o 1 



/ I / Z <7 \ ^ 







J'+l 



(Z + V + d + 2)(Z + V + d + 3) - J 2 (J 2 + 1) J2^m(i+i'+d) 2(1 + V + d) + 5 



r/' +1 log r y 



J'+l 



+ 



(V -1 + d + !)(/'-/ + d + 2) - J 2 (J 2 + 1) J 2 ^m(d+j'-/-i) 2(Z' - Z + d) + 3 



+ 



n l + 1 lop 



) J 2 ,m(d+/'-/-l) 



Z+Z'+2 



Z+Z'+2 ^ Q g r ^ 



(Z + Z' - d - 1)(Z + V - d) - J 2 (J 2 + 1) J2^m(d-i-i'-2) 2(1 + l'-d)-l J iMd-i-i>-2) / 
201og|x -y\y (<f?,x) 



G.2.1 



with rj := |y|/|x|. Here we used the coupling rules for the spherical harmonics (eq. D.2.15) and 
inserted the specific form of the factor D (eq. 3.4.16), which is obtained at the vertex in the 
diagrams. In the intermediate steps of the following calculation we omit the sums over d and 
j and the expression yo(<p 3 ,x;d)j m r d Sj m (x), since this is independent of the contraction index 
I and we are mainly interested in the sum over this index. We can easily restore the omitted 
expressions at the end of the calculation. 



The logarithmic terms 

Let us start our inspection of eq. G.2.1 with the terms containing logarithms. Replacing 
d — ► V + d in eq. G.1.5, we obtain just the first two logarithmic terms of the formula above 
(neglecting some prefactors independent of I). This suggests 



\l'+d+2\-l , , , v 2 

• /,/ t J Ji I l' + d + 2 -1-Z\ z / +ll 

= sign(Z' + d + 2) }2 (o o ) n logr v 

i=o ^ ' 

Let us assume d + 1 > for the moment. Then the partial sum with I + I' > d + 1 over the 
logarithmic term in the last line of eq. G.2.1 becomes 



oo Z+Z'+2 1 

£ 2> oo|Ji o) 2 (j!Z' oo|(z + z' - d - 1) o) 2 J + y _g T : i 

I,J'=0 Ji ^ ' 

l+l'>d+l 



± £(iZ00|J l0 ) 2 ("J J i + r - d - 1 ) a V +, ' +a logr. [G^3] 

,i'=0 Jl ^ ' 

>d+l-7, 

cZ+1 oo oo oo \ /t ;/;,;/ ji\ 2 

E E + E E)E<ilH>|Ji°> a (o o + ) ,' +i ' +2 logr, 

J=0 Z'=d+1-Z Z=d+2Z'=0/ Ji 
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Further, under this assumption equation G.2.2 takes the form 



oo V+d+1 , 

^^looiJiOiVii'ooKi'idii-Oo) 2 71 " /;/ 



2(1' - I + d) + 3 

i'=0 1=0 Ji v ' , s 

/ \ ( G.2.4 J 

/ d+l oo oo oo \ / T 7/ i/ , t , i j\ 2 



££+£ £ J>«w<W* [ i+rf +1 -' / + 'io gr; 

W=0Z'=0 l=d+2V=l-(d+l)l Ji V 7 



Comparing the two equations above it is easy to verify that these sums cancel in the limit 77 — >• 1 
(i.e. y — ► x), so that only the finite sum 

2o' + ifl>00|J 1 0> 2 (£ I rf -J- Z Ylogr. C^D 
M'=0 Ji ^ 7 

remains. Note that the sum of the three logarithmic series in eq. G.2.1 is antisymmetric around 
d = —3/2. Hence, for d < — 1 we may simply multiply our result by sign(ci + 3/2) and replace d 
with |d + 3/2| - 3/2. Thus 



20 ^ ^2y (^,x;d) jm r d S jm (x) ^ ^(j7'00| ^ 0) 2 logr x . 

d=-ooj=0 l,l'=0 Ji 

(JiZ00|m(Z + Z' + d)0) (Ji/00|m(d + V-1- 1)0) (Jil00|m(d - Z - V - 2) 0) 

2(Z + Z' + d) +5 + 2(1' -l + d)+3 2(1 + 1' - d) - 5 

00 

20 ^ ^sign(d + 3/2)y (^ 3 ,x;d) im r d 5 im (x) 

d=— 00 .7=0 

W<|d+§|-§ / I 31 3 /\ 2 



which is in accordance with the logarithmic terms in eqs. 3.4.105 and 3.4.106. 
Vanishing partial sum 

Now consider the follwing partial sum of eq. G.2.1: 



20 J2 V V +1 0'^oo|j 1 o) 2 (j 1 z / oo|j 2 o) 



;/ . n i] ti (i + r + d + 2)(i + i' + d + 3)-j 2 (j 2 + i 

on f f ^ ^+ 1 (j7 00|JiO) 2 (JiZ / 00|J 2 0) 2 



dcnom.^0 



G.2.7) 



U' - I - d - 2W - I - d- 1) - J2U2 + 1) 

1=0 V=l+d+2 Ji,J2 V A ; V ' 



denom.7^0 



As in the calculation of the remainder (Ri)^ in the previous section, this expression again 
behaves very differently for varying values of d and j. Hence, we again distinguish different 
values of the number of annihilation operators among the three operators constituting yo(ip 3 , x) 
in eq. G.2.1, where the notation yo(ip 3 ,x; q) will be used in order to indicate this grading of the 
left representative. 

Let us start with the case q = 0, which implies d> j and d + j = even. Thus, we may use eq. 
F.1.2 from the appendix in order to simplify 
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y> v- Q7 00|Ji0) 2 (Jir00|J 2 0) 2 

iho (l + l' + d + 2)(l + l> + d + 3)- J 2 (J 2 + 1) 

' M 1 ,M 2 



denom.^0 



oo j+l „i 
10 E E^ 700 I J0 ) 2 / ^j(^)^'(^)^ + /'+d + 2(^)log(l-^^ 
J,J'=0 J=|i-{| 



G.2.8) 



and 



oo oo 



20 E E £ — O'/00|./i0}-'(./ l /'00|J 2 0) 



(Z' - Z - d - 2)(Z' - Z - d - 1) - J 2 ( J 2 + 1) 

OO OO J+i 

=li-J| 



denom.^0 



oo oo j-ti ,.\ 

=10 E E E^ /0 °I J0 ) 2 / Ml ( G.2.9J 

Z=0 Z'=Z+d+2 J=\j-l\ 1 
oo j+i „i 

=10 ^(i/00|J0) 2 / Pj(z)P F+i+d+2 (z)P F (^)log(l-z)dz. 

Z,Z'=0 J=\j-l\ 

Thus, we have found that the partial sum under consideration vanishes in the limit y — > x 



lim 



oo 

[*>E E 



V +1 07 00|JiO) 2 (Ji/ , 00|J 2 0) 2 



denom.7^0 



L xjtvjj {l + l' + d + 2){l + l' + d + 3) - J 2 {J 2 + 1) 

'00 IT fG^lQ] 

+ 20 E EE— V +1 (i^oo|j 1 o) 2 (j 1 /'oo|j 2 o) 2 



(Z' - l - d - 2){V - I - d - 1) - J 2 ( J 2 + 1) 

1=0 V=l+d+2 Ji.Ja y A ; y ' 

M 1: M 2 



dcnom.^0 



0. 



Note that this result is very similar in nature to the cancellation of eqs. G.1.8 and G.1.9 in 
the previous section. This similarity is no surprise, since the diagrams corresponding to this 
calculation of the previous section (see eq. G.l.l) are subtrees of the first two graphs in eq. 
G.2.1. 

Cancellation of infinities 

It remains to consider the partial sum 



20 E E r ? w ' +2 ^oo|JiO) 2 (j 1 roo|j 2 o) 2 



;/ • /' d L)(Z ■ /' d) ./ 2 (./ 2 • l) 

' «1,M 2 



dcnom.7^0 



+ 2 «e'e 1 E — ^ +1 ^ 00 i Ji0 ) 2 ^ roo i j2 °^ 



/ ; n {V -i- d - 2 ){l'-l-d-\)-U,h + \) 

Mi ,M 9 



denom.^0 



In the first sum the identity F.2.4 from the appendix may be used for I + V > d + 1, since 
J\+l — d— 1 = 21 + j — 2k — d— 1 = odd (recall that d — j = even) . Hence this sum simplifies to 



20 E E 



7] l+l ' +2 (jl 00| Ji 0) 2 ( J x l' 00| J 2 0) : 



, , (Z + Z'-d-l)(Z + Z'-cZ) - J 2 (J 2 + 1) 

i+i'>d+i Mi, Ma 



denom.^0 



x ( G.2.12) 

- 10 E E r, l+l ' + \jlW\,hV) 2 ( P Jl (z)P l/ (z)Q l+l/ ^ 1 (z)dz 



!+i'>d+l 
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Now we consider the second sum. Here we may change the coupling order in the product of the 
Clebsch-Gordan coefficients, i.e. we exchange the role of I and I' in the intertwiners (we have 
this freedom since the coupling order was arbitrary). Application of F.2.4 then yields 



20 E E 



7] l+1 {jl' 00|JiO) 2 (Ji/00|J 2 0) s 



1,1' 

l'-l<d+l M!,M 2 



Mi,M 2 

10 E E ^ +1 (j'^00|JiO) 2 f P, h {z)Pi{z)Qi-v + d+i{z)d 

l l' 7, A/f, J — \ 



denom.^O 



l'-l<d+l 



oo ,.i 

10 E E V l+l '- d (jl'W\JiV) 2 / PjA^)Pi+v-d-MQi{z)dz 

1,1' Ji.Mi J ~ l 

l + l'>d+l 

oo „i 

10 E E r ? /+ ^^ 00 l Jl °) 2 / iVxWfl+i'-^iWQi'Wds 



G.2.13 



M' Ji,Mi 

l + l'>d+l 



In the last step we simply exchanged the names of the summation indices. According to eq. 
F.2.5 from the appendix, the summands in eqs. G.2.12 and G.2.13 vanish for the following 
constellation of parameters: 



\l + j-2k-l'\<l + l'-d-l<l + l' + j-2k [ G.2.14 J 

where we wrote J\ = I + j — 2k with k £ {0, . . . ,min(7,j)}. Therefore we are only interested in 
the cases where these inequalities are not satisfied. We first observe that the second inequality, 
I + I' — d — 1 < I + V + j — 2k is equivalent to j — 2k + d + 1 > 0, which always holds for d > j. 
The second condition, however, is not satisfied in the following two cases 



/ , ,/ j-2k + d + l , . « d+l-(j-2k) 
l+j-2k>l' and l' < ^ or l<l-(j-2k) and l<— ^ '- 

{ G.2.15] 

Let us start with the latter condition, which implies 



Ji + I + Z' - d - 1< I' , { G.2.16) 

and allows us to use eq. F.2.6 for the integrals in eqs. G.2.12 and G.2.13. Note that in the 
first equation, G.2.12, the index /' is attached to a Legendre polynomial of the first kind, Py, 
while in the other equation, G.2.13, it is attached a Legendre polynomial of the second kind, 
Qi'. According to eq. F.2.6 these integrals then differ by a minus sign, which tells us that eqs. 
G.2.12 and G.2.13 cancel each other in the limit 77 — >- 1 if the mentioned inequality is satisfied. 
On the other hand, the second condition in eq. G.2.15 leads to the inequality 

I + 21' - d - 1< Ji . ( G.2.17 J 



Again we may apply eq. F.2.6, but this time the largest index, namely J\, is attached to a 
Legendre polynomial of the first kind in both of the two equations. Since an exchange of l\ 
and I2 does not alter the result in eq. F.2.6, the two integrals are equal, so that instead of 
canceling each other, eqs. G.2.12 and G.2.13 add up in the case at hand. Summing up the 
above discussion, we have found that (neglecting some prefactors rf 1 with constant n £ N, which 
are irrelevant in the limit rj — > 1) 



116 



APPENDIX G. PROOFS 



-10 Yl Z) {jm\J 1 Q) 2 rl +v [ P Jl (z)(Piiz)Qi + i / - d - 1 (z) + Pi +V - d - l (z)Qi l (z)^dz 
1,1' JiMi 

l+l'>d+l 

(j I (j-2k+d)/2 j d (j-2k+d)/2 j oo (j-2k+d)/2\ 
EE E +EE E +E E E * 
1=0 k=0 l'=d+l-l k=0l=j+l l'=d+l-l k=0l=d+l l'=0 J 

(jl00\l+j - 2k0) 2 ri l+l ' J Pi +j ^2k(z)Pl>(z)Ql+l>-d-i(z) dz 

{ G.2.18) 

Clearly the first two triple sums in this expression are finite and it remains to search for infinities 
in the third one. 



-20^5] (Ji00\l + j-2k0) 2 ri l+l ' P l+j ^2k(z)Pv(z)Q l+v ^ 1 (z)dz 

k=0l=d+l l'=0 " 1 

j oo {j-2k+d)/2 

" 20 EE w+d+i)um+d+i+j-2k)o) 2 

k=0 1=0 l'=0 

x J Pi +d+ i +j -2k{z)Pv{z)Qi +v {z)dzr] l+l ' 

j (j-2k+d)/2 . i. , •_, , 1 , r( d±j-2k+l 



(j-2k+d)/2 



IQ ^ (J-W)/' T{k + l )r(j _ k + l )r( d+j-2fc+l _ ll)T{ d+^2k + 1} {/ 

^ r(fc + i)r(j — k + i)r(^=^ _ // + i)r( d+ ^ 2 2fc+3 ) 77 



k=0 

1, d + j - 2Jb + jj, d - fc + f , d + j - fc + 2, *+i-*K-V + 1, d +j -2k+l'+3 
<,>f "' d + j - 2fc + f , d - k + 2, d + j - k + |, <H±^=Wt , d +^+l + 2 ;?? 

r(d + j - 2A; + |)r(d - fc + |)r(d + j - k + 2)r( d+3 - 2 2fc -*' + i)r( d+J " 2 2 fc+ ' /+3 ) 
r(d + j - 2fc + f )r(d - fc + 2)r(d + j - k + l^r ^E^Eg+^ r^^+E + 2 ) 



G.2.19 



Here we expressed the 3j-coefncient and the integral through F- functions with the help of eqs. 
D.2.18 and F.2.6, and wrote the infinite sum over I as a hypergeometric series. Taking a 
closer look at the parameters of this hypergeometric series, we find that it is zero-balanced, and 
therefore logarithmically divergent in the limit rj — * 1, as expected. Eq. C.6 from the appendix 
allows for a more detailed characterization of this divergence. We find for the prefactor of the 
diverging logarithm 

10 ' °- 2 ^ )/2 T(k + |TO - k + |)T(ggg ~ Wgg + 1) . n > 9m n , 

/ > , , ■ , ,f. ,, q log(l — 77) = 20lOg(l — 7?) ■ 

( G.2.20J 

Finally, we have found the divergence that cancels with the logarithmic counterterm (see eq. 
3.4.93). Since there is no further counterterm, and as we now have brought all expressions 
into normal order without any remaining divergences, we have verified that the renormalization 
procedure also works in the case at hand. 

Result 



Summing up all the results of the preceding discussion, we can now give the remainder for q = 

as 
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(R 1 ) (p3 (x;d,j,q = 0) = 20logr 



l+l'<d 
£ ^(jZOOlJxO) 

l,l'=0 Ji 



2 / J\ I 1 d — I — I 




Ji +d-l \ 

d — 2 \ 



+ 2o y. E + 2 E E 

1=0 l'=d+l-l 



\ i+i'< 



(iZoo|JiO) 2 (JiZ' oo|j 2 o) i 



(l + l'-d- + V -d)- J 2 (J 2 + 1) 

i—ui-i i -r I- ' t 

Mi,M 2 \ ;+!'<, 

i U-2k + d)/2 + i . _ fc + l )r( d+i-2 fc +l _ Z / )r( d±t2fe + j 



denom.7^0 



[ G.2.21J 



10 



7T 



E E 



r(ife + i)r(j - fc + i)r(^±4=^ -v + i)r( d+J ~ 2 2fc+3 ^ 



fc=0 Z'=0 

1, d + 3 ~ 2fe + f , d - k + |, d + j - k + 2, d +l=™=l + 1, d+j-2fc+i'+3 

d + j-2k+l,d-k + 2,d + j-k+l, i±i=^=m i d+j-2k+i> + 2 



where L5 is the non-divergent part of the hypergeometric series 6-^5 in eq. G.2.19, see also eq. 
C.7. The first line of this result follows from eq. G.2.6. Note however that there is an additional 
— 1 in square brackets, which accounts for the finite contribution to the logarithmic counterterm 
3.4.93. The second line contains two contributions: The first is due to the fact that in eq. G.2.12 
we have only considered the partial sum with I + I' > d + 1 , so we have to recover the remaining 
partial sum. The other contribution comes from the finite sums in eq. G.2.18. Finally, the last 
two lines are the finite remainder of eq. G.2.19 after the subtraction of the counterterm. 

Fortunately, with this result we can find an expression for (Ri)^ (x; q = 3) without any 
additional computational effort. For the parameters d and j the condition q = 3 essentially 
means that now d < — 3 and \d + 3| > j. We have already mentioned that the partial sums 
including the logarithms in eq. G.2.1 change the sign if we replace d — > —d — 3. It is easy to 
see that the remaining terms in that equation are invariant under this transformation. Thus, 
we simply have to change the sign in the first line of eq. 3.4.105, which leads to the result 



(R 1 ) ip3 (x;-d-3,j,q = 3) = -20 log r 



l+l'<d 

]T £<jzoo|JiO> ; 

M'=o Ji 



Ji I' d-l-V 




+ 1 
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«E E + 2 E E 



07 00|JiO) 2 (Ji// 00|J 2 0) 2 



i,l> 



t lt M 2 \l+l'<d 



1=0 V=d+l-l 



{l + l'-d- 1)(Z + l'-d)- J 2 {J 2 + 1) 



denom.^0 



j (j-2k+d)/2 
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^ ^ r(fe + i)r(j -k + ijr(^^ -v + i)r(^^±5 



l\ r /d+j~2k+l 



r)r( d+iz2fc + 1) 



x L 5 



l,d + j-2k + l,d-k + ld + j-k + 2, d+j ~* k - l ' +l, 



d+j-2k+l'+3 



d + j-2k+±,d-k + 2,d + j- k+ 2 . 
and finishes the proof. 



5 d+j-2k-l'+3 d+j-2k+V 
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